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Introduction 


s 
a 


Traditionally, field theory had its main thrust of de- 
velopment in high energy physics. Consequently, the conventional 
field theory courses are taught with a heavy emphasis on high energy 
physics. Over the years, however, it has become quite clear that the 
methods and techniques of field theory are widely applicable in many 
areas of physics. The canonical quantization methods, which is how 
conventional field theory courses are taught, do not bring out this fea- 
ture of field theory. A path integral description of field theory is the 
appropriate setting for this. It is with this goal in mind, namely, to 
make graduate students aware of the applicability of the field theoretic 
methods to various areas, that the Department of Physics and Astron- 
omy at the University of Rochester introduced a new one semester 


course on field theory in Fall 1991. 


This course was aimed at second year graduate stu- 
dents who had already taken a one year course on nonrelativistic 
quantum mechanics but had not necessarily specialized into any area 
of physics and these lecture notes grew out of this course which I 
taught. In fact, the lecture notes are identical to what was covered in 
the class. Even in the published form, I have endeavored to keep as 
much of the detailed derivations of various results as I could - the idea 
being that a reader can then concentrate on the logical development 


of concepts without worrying about the technical details. Most of the 


vil 


concepts were developed within the context of quantum mechanics 
- which the students were expected to be familiar with - and subse- 
quently these concepts were applied to various branches of physics. In 
writing these lecture notes, I have added some references at the end 
of every chapter. They are only intended to be suggestive. There is 
so much literature that is available in this subject that it would have 
been impossible to include all of them. The references are not meant 
to be complete and I apologize to many whose works I have not cited 
in the references. Since this was developed as a course for general 
students, the many interesting topics of gauge theories are also not 
covered in these lectures. It simply would have been impossible to do 


justice to these topics within a one semester course. 


There are many who were responsible for these lecture 
notes. I would like to thank our chairman, Paul Slattery, for asking me 
to teach and design a syllabus for this course. The students deserve 
the most credit for keeping all the derivations complete and raising 
many issues which I, otherwise, would have taken for granted. I am 
grateful to my students Paulo Bedaque and Wen-Jui Huang as well as 
to Dr. Zhu Yang for straightening out many little details which were 
essential in presenting the material in a coherent and consistent way. 
I would also like to thank Michael Begel for helping out in numerous 
ways, in particular, in computer-generating all the figures in the book. 
The support of many colleagues was also vital for the completion of 


these lecture notes. Judy Mack, as always, has done a superb job as 


vill 


far as the appearance of the book is concerned and I sincerely thank 


her. Finally, I am grateful to Ammani for being there. 


Ashok Das, 
Rochester 
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Chapter 1 


Introduction 


1.1 Particles and Fields 


Classically, there are two kinds of dynamical systems that 
we encounter. First, there is the motion of a particle or a rigid body 
(with a finite number of degrees of freedom) which can be described by 
a finite number of coordinates. And then, there are physical systems 
where the number of degrees of freedom is nondenumerably (non- 
countably) infinite. Such systems are described by fields. Familiar 
examples of classical fields are the electromagnetic fields described by 
E(2,t) and B(z, t) or equivalently by the potentials (¢(z, ¢), A(z, t)). 
Similarly, the motion of a one-dimensional string is also described by 
a field #(Z,t), namely, the displacement field. Thus, while the coor- 


1 
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dinates of a particle depend only on time, fields depend continuously 
on some space variables as well. Therefore, a theory described by 
fields is usually known as a D+1 dimensional field theory where D 
represents the number of spatial dimensions on which the field vari- 
ables depend. For example, a theory describing the displacements of 
the one-dimensional string would constitute a 1+1 dimensional field 
theory whereas the more familiar Maxwell’s equations (in four dimen- 
sions) can be regarded as a 3+1 dimensional field theory. In this 
language, then, it is clear that a theory describing the motion of a 
particle can be regarded as a special case, namely, we can think of 


such a theory as a 0+1 dimensional field theory. 


1.2 Metric and Other Notations 


In these lectures, we will discuss both nonrelativistic as 
well as relativistic theories. For the relativistic case, we will use the 
Bjorken-Drell convention. Namely, the contravariant coordinates are 


assumed to be 
x” = (t, Zz) p=0,1,2,38 (1.1) 


while the covariant coordinates have the form 


Ty = Nyt” = (t, —Z) (1.2) 
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Here we have assumed the speed of light to be unity (c=1). The 
covariant metric can, therefore, be obtained to be diagonal with the 


signatures 
Quy = (+,-,-,-) (1.3) 
The inverse or the contravariant metric clearly also has the same form, 


namely, 
i a (+,-,-,-) (1.4) 
The invariant length is given by 


a? = oe, = oe, = Hoste to (1.5) 


The gradients are similarly obtained from Eqs. (1.1) and (1.2) to be 


0 on = 

0, = riage 7% Vv) (1.6) 

0 0 ~ 
a= —=(—, - a 
or ae (1.7) 

so that the D’Alembertian takes the form 

eG nora oe Se 1.8 
= 09, = 18,8, = 55-9 (1.8) 


1.3 Functionals 


In any case, it is evident that in dealing with dynamical 


systems, we are dealing with functions of continuous variables. In 
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fact, most of the times, we are really dealing with functions of func- 
tions which are otherwise known as functionals. If we are considering 
the motion of a particle in one dimension in a potential, then the 
Lagrangian is given by 
: ie 
a 5m — V(z) (1.9) 
where z(t) and z(t) denote the coordinate and the velocity of the 


particle and the simplest functional we can think of is the action 


functional defined as 
S[z] =f’ dt L(z, 2) - (1.10) 


Note that unlike a function whose value depends on a particular point 
in the coordinate space, the value of the action depends on the entire 


trajectory along which the integration is carried out. 
Thus, a functional has the generic form 
F(f] = [ dz F(f(z)) (1.11) 
where, for example, we may have 
F(f(z)) = (f(z))” (1.12) 


Sometimes, one loosely also says that F(f(xz)) is a functional. The . 
notion of a derivative can be extended to the case of functionals in a 


natural way through the notion of generalized functions. Thus, one 
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defines the functional derivative or,the Gateaux derivative from the 


linear functional 
F'{v] = SFU + eal fee say (1.13) 


Equivalently, from the working — of view, is aan corresponds 


to defining 
6F(f(z)) _,, F(f(z) + €6(z — y)) — F(f(z)) 
Sf(y) en oa 
It now follows from Eq. (1.14) that 
3 a =n (1.15) 


The functional derivative satisfies all the properties of a 


derivative, namely, it is linear and associative, 


_o _ 6ALf] , 6Flf] 
may Ea) — area * ee) 

guts _ d6Alf] Fil f} 

Spay fal) = b f(z y elf] + F,[f] —~ 6 f(x ) (1.16) 


It also satisfies the chain rule of differentiation. Furthermore, we now 


see that given a functional F[f], we can Taylor expand it in the form 


F(f] ao [az Po(z) + [dxidz, P\(x1, 22) f (x2) 


+ [ drydz.dzs P,(x1, 22,23) f(z2)f(z3) +-°- (1-17) 


6 CHAPTER 1. INTRODUCTION 


where 
P(t) = F(F(z))I p2)=0 
Alena) = | (1.18) 
and so on. 


As simple examples, let us calculate a few particular func- 


tional derivatives. 


i) Let 
F(f] = [ dy F(f = fay (4 (1.19) 


where n denotes a positive integer. Then, 


bF(f(y)) _ lim 2 (f(y) + €6(y — 2)) — F(F(y)) 


6 f(z) «0 € 
tg (flu) + €6(y — 2)" — FW)" 


(F(y))" + ne(F(y))""16(y — 2) + O(€?) — (F(y))" 


e—0 € 


= n(f(y))"*6(y — 2) (1.20) 
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Therefore, we obtain 


FG i me 


[ay ss, — 2) 
n(f(z))"" (1.21) 


ii) Let us next consider the one-dimensional action in Eq. (1.10) 


S[z] = ie dt! L(a(t'), z(t") (1.22) 
with 
L(x(t),#(t)) = 5m(a(0))? - V(2(2)) 
T(a(t)) - V(2(¢)) (1.23) 


In a straightforward manner, we obtain 


6V(z(t')) im V(2(t') + €6(t' — t)) — V(a(t’)) 
bx(t) <0 € 
= V'(2(t'))6(t' —t) (1.24) 


where we have defined 


v'(a(e)) = 
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§T (z(t')) i T (a(t!) + «6(t' — t)) — T(z(t’)) 
dz(t) c= € 


mz(t') =7Alt’ — t) (1.25) 


It is clear now that 


bL(x(t'),e(t')) _ S(T (z(t')) — V(x(t'))) 


bz(t) bz(t) 


mi(t')6(0 — t) — V'(x(t'))8(t' — t) (1.26) 


Consequently, in this case, we obtain for t; < t <t f 


6S[z] _ tt ay 5L(a(t'), 2(t')) 
Saity on at) 

= [" dt (m e(t')— =6(t — t) - V'(x(t'))6(t' — t)) 
—mi(t) — V'(z(t)) 


_ 4 db(2(2),#(0) | AL(a(t), (0) 
dt 0z(t) Oz(t) 


(1.27) 
The right hand side is, of course, reminiscent of the Euler-Lagrange 
equation. In fact, we note that 


6S[z] d AL aL 
Sa(t)  dtdx(t) ' da(t)  ° (1.28) 
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gives the Euler-Lagrange equation as a functional extremum of the ac- 
tion. This is nothing other than the principle of least action expressed 


in a compact notation in the language of functionals. 


1.4 Review of Quantum Mechanics 


In this section, we will describe very briefly the essential 
features of quantum mechanics assuming that the readers are familiar 
with the subject. The conventional approach to quantum mechanics 
starts with the Hamiltonian formulation of classical mechanics and 
promotes observables to noncommuting operators. The dynamics, in 


this case, is given by the time-dependent Schrodinger equation 


nO) — myn) (1.29) 


where H denotes the Hamiltonian operator of the system. Equiva- 
lently, in the one dimensional case, the wave function of a particle 


satisfies 


ovat) _ 
<< H(z)p(z, t) 

2 2 : 
(-2 25 +Vie)v(2,t) (1.80) 


th 
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where we have identified 


(x,t) = (2|¥(t)) (1.31) 
with |z) denoting the coordinate basis states. This, then, defines the 


time evolution of the system. 


The main purpose behind solving the Schrodinger equa- 
tion lies in determining the time evolution operator which generates 
the time translation of the system. Namely, the time evolution oper- 
ator transforms the quantum mechanical state at an earlier time, fo, 


to a future time, f;, as 


\v(t1)) = U(t1, t2)|P(t2)) (1.32) 


Clearly, for a time independent Hamiltonian, we see from Eq. (1.29) 


(the Schrodinger equation) that for t; > to, 
U (ty, t2) = eis) (1.33) 
More explicitly, we can write 
U (t,t) =8(1 — tea (1.34) 
It is obvious that the time evolution operator is nothing 


other than the Greens function for the time dependent Schrodinger 


equation and satisfies 


eee. : 
(hae = H)U (ty, t2) = thd(ty = tz) (1.35) 
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Determining this operator is equivalent to finding its matrix elements 
-in a given basis. Thus, for example, in the coordinate basis defined 
by 

May = a|z) (1.36) 


we can write 
(2, |U(t1, t2)|a2) = U (ti, 21; t2, 22) . (1.37) 


If we know the function U(t,, x1; t2, 22) completely, then the time evo- 


lution of the wave function can be written as 


(21, t)) = [das U (ti, 1; t2, £2) (£2, t2) (1.38) 
It is interesting to note that the dependence on the intermediate times 


drops out in the above equation as can be easily checked. 


Our discussion has been within the framework of the Schr- 
Sdinger picture so far where the quantum states |7(t)) carry time 
dependence while the operators are time independent. On the other 
hand, in the Heisenberg picture, where the quantum states are time 


independent, we can identify using Eq. (1.32) 
|v) = |v(t = 0))s =|¥(t = 0)) 
eH ly(t)) =e |y(t))s (1.39) 


In this picture, the operators carry all the time dependence. For 


example, the coordinate operator in the Heisenberg picture is related 
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to the coordinate operator in the Schrodinger picture through the 


relation 
X y(t) = et** Xe“ Kt (1.40) 
The eigenstates of this operator satisfying 


Xa(é)le\the = a|2, the (1.41) 


are then easily seen to be related to the coordinate basis in the 


Schrodinger picture through 
|x, t) 7 = et** |x) (1.42) 
It is clear now that for t; > t, 


H(1,t1|22, tz)” = (xyle7* ex#|z,) 
= (z,|e7 (1-42) 4 | 2) 
(21|U (t1, t2)|2) 
U(t, 71; to, 22) (1.43) 


Thus, we see that the matrix elements of the time evolution operator 
are nothing other than the time ordered transition amplitudes between 


the coordinate basis states in the Heisenberg picture. 


Finally, there is the interaction picture where both the 
quantum states as well as the operators carry partial time depen- 


dence. Without going into any technical detail, let us simply note 


1.5. REFERENCES 13 


here that the interaction picture is quite useful in the study of non- 
trivially interacting theories. In any case, the goal of the study of 
quantum mechanics in any of these pictures is to construct the ma- 
trix elements of the time evolution operator which as we have seen 
can be identified with transition amplitudes between the coordinate 


basis states in the Heisenberg picture. 


1.5 References 


Dirac, P.A.M., “Principles of Quantum Mechanics”, Oxford Univ. 


Press. 


Schiff, L.I., “Quantum Mechanics”, McGraw-Hill Publishing. 


Chapter 2 


Path Integrals and Quantum 


Mechanics 


2.1 Basis states 


Before going into the derivation of the path integral rep- 
resentation for U(t;s, zs; t;,x;) or the transition amplitude, let us reca- 
pitulate some of the basic formulae of quantum mechanics. Consider, 
for simplicity, a one dimensional quantum mechanical system. The 
eigenstates of the coordinate operator, as we have seen in Eq. (1.36), 
satisfy 

Xz) = ala) (2.1) 


These eigenstates define an orthonormal basis. Namely, they satisfy 


15 
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5(x — 2’) 
I (2.2) 


(z|z’) 


Similarly, the eigenstates of the momentum operator satisfying 


P\p) = plp) , (2.3) 


also define an orthonormal basis. Namely, the momentum eigenstates 


satisfy 


(pip') = d(p—p') 
J aplp)(p| = 1 (2.4) 


The inner product of the coordinate and the momentum basis states 
gives the matrix elements of the transformation operator between the 


two basis. In fact, one can readily determine that 


(ole) = meet = (ep) (2.5) 


These are the defining relations for the Fourier transforms. Namely, 
using the completeness relations of the basis states, the Fourier trans- 


forms of functions can be defined as 


2.1. BASIS STATES > 17 


f(z) = (z|f) = [dp (z|p){p|f) 

= ton [ dp et f(p) 

7 roa [dk e** f(k) (2.6) 
f(k) = Vz f(p) 

= aie [ dz e-¥* f(x) 

z oo [dx e~** f(z) (2.7) 


These simply take a function from a given space to its conjugate space 
or the dual space. Here k = 2 can be thought of as the wave number 
in the case of a quantum mechanical particle. (Some other authors 
may define Fourier transform with alternate normalizations. Here, 


the definition is symmetrical.) 


As we have seen in Eq. (1.42), the Heisenberg states are 
related to the Schrodinger states in a simple way. For the coordinate 
basis states, for example, we will have 


|x, t) x =, er Fz) 


It follows now that the coordinate basis states in the Heisenberg pic- 
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ture satisfy 


(rle7tt ek!# |") 


(z|z') = 6(x — 2’) (2.8) 


Hebe yt) A 


i 


and 


[dz\z,t) x Hes t| [dz ett 2) (zle7 it 
ek! f da |x) (ale *t# 
— ekth fe- ith 


I (2.9) 


Il 


It is worth noting here that the orthonormality as well as the com- 


pleteness relations hold for the Heisenberg states only at equal times. 


2.2 Operator Ordering 


In the Hamiltonian formalism, the transition from clas- 
sical mechanics to quantum mechanics is achieved by promoting ob- 
servables to operators which are not necessarily commuting. Conse- 
quently, the Hamiltonian of the classical system is supposed to go over 


to the quantum operator 


H(z, p) — H(2op; Pop) | (2.10) 
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This, however, does not specify what should be done when products 
of z and p (which are noncommuting as operators) are involved. For 


example, classically we know that 


2p = pe 


Therefore, the order of these terms does not matter in the classical 
Hamiltonian. Quantum mechanically, however, the order of the op- 
erators is quite crucial and a priori it is not clear what such a term 
ought to correspond to in the quantum theory. This is the operator 
ordering problem and, unfortunately, there is no well defined principle 
which specifies the order of operators in the passage from classical to 
quantum mechanics. There are, however, a few prescriptions which 
one uses conventionally. In normal ordering, one orders the prod- 
ucts of z’s and p’s such that the momenta stand to the left of the 


coordinates. Thus, 


apr ~% px? (2-11) 


and so on. However, the prescription that is much more widely used 


and is much more satisfactory from various other points of view is the 
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Weyl ordering. Here one symmetrizes the product of operators in all 


possible combinations with equal weight. Thus, 


ak 
zp —> 5(xp + pz) 
cay 
pe —* 3(zp +t pz) 
fi 
z'p —> 3(2’p + apz + pz’) 
1 
zpe —4 3 (2p + apz + pz’) eal) 


and so on. 


For normal ordering, it is easy to see that for any quantum 


Hamiltonian, H(z, p), 


(x'|H™°|z) = f dp(z'|p) (pl H™ 2) 


dp Sie : 


Here we have used the completeness relations of the momentum basis 
states given in Eq. (2.4) as well as the defining relations in Eqs. (2.4), 
(2.3) and (2.5). To understand Weyl ordering, on the other hand, let 


us note that the expansion of 


(ax + Bp)™ 
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generates the Weyl ordering of products of the form 2*p™ naturally if 
we treat x and p as noncommuting operators. In fact, we can easily 


show that 


{ 
(ax + Bp)” = 2s me ap (ep)? (2.14) 


The expansion of the exponential operator 


(az + Bp) 


would, of course, generate all such powers and by analyzing the ma- 
trix elements of this exponential operator, we will learn about the 
matrix elements of Wey] ordered Hamiltonians. From the fact that 
the commutator of z and p is a constant, we obtain using the Baker- 


Campbell-Hausdorff formula 


ar ar ar az ihaB 


oD bee a) a 
Danity ee 
— -(ar +t Bp) (2.15) 


Using this relation, it can now be easily shown that 
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(2'|e(O + PP) 9) = (ajo 2 Pe 10) 


[dp (alle 2 cP Pip) ple 2 Jo) (2.16) 


Once again, we have used here the completeness properties given in 
Eq. (2.4) as well as the defining relations in Eqs. (2.1), (2.3) and (2.5). 


It follows from this that for a Weyl] ordered quantum Hamiltonian, we 


will have 


:P) (2.17) 


As we see, the matrix elements of the Weyl ordered Hamiltonian leads 
to what is known as the mid-point prescription and this is what we 


will use in all of our discussions. 


We are now ready to calculate the transition amplitude. 


Let us recall that in the Heisenberg picture, for tr > t;, we have 


U(ts,2s3ti,2;) = a(zyz,ty|z:, tig 


Let us divide the time interval between the initial and the final time 
into N equal segments of infinitesimal length «. Namely, let 
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_ ty — t; 
ON 
Thus, for simplicity, we discretize the time interval and in the end, 


(s 


(2.18) 


we are interested in taking the continuum limit « > 0 and N — co 
such that Eq. (2.18) holds true. We can now label the intermediate 


times as, say, 


th=ti¢ne n=1,2--:,(N-1) (2.19) 


Introducing complete sets of coordinate basis states for 


every intermediate time point (see Eq. (2.9)), we obtain 


U(ts,r5ti, ti) = w(ry,ty|zi, tia 
a lim [dz -+-day_-1H(ty,ts|en—1,tw-1) Hz 
N—co 


n(@y-1,tn-1|2n-2,tw-2)H-+ +H (21, ¢1|i,ti) (2.20) 


In writing this, we have clearly assumed an inherent time ordering 
from left to right. Let us also note here that while there are N inner 
products in the above expression, there are only (V — 1) intermediate 
points of integration. Furthermore, we note that any intermediate 


inner product in Eq. (2.20) has the form 
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st, He tall 
w(Znjtaltn-1tni)e = (tale h [rn-1) 


-(¢, — tae 


|2n-1) 


I! 
— 
8 
= 
ta) 


R:, 
(ele Rh |x_-1) (2.21) 


Ln ES Tn-1 ) 
rn 


2 1 
a dp, : pPnltn — £n-1) — razed 9 
Qrh 


Here we have used the mid-point prescription of Eq. (2.17) corre- 


sponding to Wey] ordering. 


Substituting this form of the inner product into the tran- 


sition amplitude, we obtain 


Ot apts, 2:) 


_ i: dp, 
= lim [dzy-- oad ers Fae 
N—00 
a2 Int+2n- 
dpy F2| Paltn~ ta-1) ~ HS, pa)) 
= 2 2.22 
‘Tak (2. ) 


In writing this, we have identified 


op = TZ; In =f (2.23) 
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This is the crudest form of Feynman’s path integral and is defined 
in the phase space of the system. It is worth emphasizing here that 
the number of intermediate coordinate integrations differs from the 
number of momentum integrations and has profound consequences in 
the study of the symmetry properties of the transition amplitudes. 
Note that in the continuum limit, namely, for « — 0, we can write the 
phase factor of Eq. (2.22) as 


ee el Ln + Fp- 
hm n Se PAs. = eee; ) = 2 ree) 
eal n—1 
N 
™ lim a eM (pata geal) Hee 2) os) 
c= n=1 
N-00 
a pts 
= 5 J, tpi - H(z,2)) 
a ty 
= Pyar’ 
; ful (2.24) 


Namely, it is proportional to the action in the mixed variables. 


To obtain the more familiar form of the path integral in- 
volving the Lagrangian in the configuration space, let us specialize 
to the class of Hamiltonians which are quadratic in the momentum 


variables. Namely, let us choose 


H(z,p) = 5— ae V(z) (2.25) 
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In such a case, we have from Eq. (2.22) 


U(ts, Lf; t;, a;) 


_ dp, dpn 
te N Tn — Tn-1 Pn In + In-1 
= 2 (Pn( =e )) 
oft € 2m 2 (2.26) 


The momentum integrals are Gaussian and, therefore, can be done 


readily. We note that 


i€ Pp, _ Pn(Za — En-1) 
Pn e Fam € ) 
Qnh 
t€ , 2 2mpn(Tn — Ln-1) 
= ee 2 Dmh Pn € ) 
Qrh 
ie _ Ma —Tn-1)\2__ ;M(Tn — Tn-1)\2 
= dpn, wer € ) — ( € ) ] 
Qah 
UME Zn — Lai 
i on 
arh 1€ 
ill ee ? 
Wo a 
_ ze 2h 
(ee) e € Q2t) 


Substituting this back into the transition amplitude in Eq. (2.26), we 
obtain 
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q 


XY 


m™m N 
2 


) 


Meri: pe ray (srahe 
N= 


ie X m = Ents Cee eae 
ri De a ye Aaa) 


[dey -dzy_ je 
a ty 1 2 
_ A[ De ek, dt(mi? — V(z)) 


= A[De oh | (2.28) 


where A is a constant independent of the dynamics of the system and 
S[z] is the action for the system given in Eq. (1.10). This is Feynman’s 


path integral for the transition amplitude in quantum mechanics. 


tf 


To understand the meaning of this, let us try to under- 
stand the meaning of the path integral measure Dz. In this integra- 
tion, the end points are held fixed and only the intermediate points 


are integrated over the entire space. Any spatial configuration of the 
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intermediate points, of course, gives rise to a trajectory between the 
initial and the final points. Thus, integrating over all such configu- 
rations (that is precisely what the integrations over the intermediate 
points are supposed to do) is equivalent to summing over all the paths 
connecting the initial and the final points. Therefore, Feynman’s path 
integral simply says that the transition amplitude between an initial 
and a final state is the sum over all paths, connecting the two points, 
of the weight factor ek 5(#]_ We know from the study of quantum me- 
chanics that if a process can take place in several distinct ways, then 
the transition amplitude is the sum of the individual amplitudes cor- 
responding to every possible way the process can happen. The sum 
over the paths is, therefore, quite expected. However, it is the weight 
factor e* I) that is quite crucial and unexpected. Classically, we know 
that it is the classical action that determines the classical dynamics. 
Quantum mechanically, what we see, however, is that all the paths 
contribute to the transition amplitude. It is also worth pointing out 
here that even though we derived the path integral representation for 
the transition amplitude for a special class of Hamiltonians, the ex- 
pression holds in general. For Hamiltonians which are not quadratic 
in the momenta, one should simply be careful in defining the path 


integral measure Dz. 
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2.3 The Classical Limit. 


As we have seen in Eq. (2.28), the transition amplitude 
can be written as a sum over paths and for the case of a one di- 
mensional Hamiltonian which is quadratic in the momentum, it is 


represented as 


GAC Ie Re fem A {Dz ek Sl] (2.29) 
te N m,n — 2n— In +2n- 
| 2 
== lim Ay [dz,---dzy_1e =i E 
Nace 
where 


m \t 
Ax= (se) 
zh 2rihe 
Even though one can be more quantitative in the discussion of the 
behavior of the transition amplitude, let us try to be qualitative in 
the following. We note that for paths where 


In > tn-1 


the first term in the exponential would be quite large, particularly 
since € is infinitesimally small. Therefore such paths will lead to a 
very large phase and consequently, the weight factor can easily be 
positive or negative. In other words, for every such z,, there would 
be a nearby z,, differing only slightly which would have a cancelling 
effect. Thus, in the path integral, all such contributions will average 


out to zero. 
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ty 
z(t) 


t; 


Let us, therefore, concentrate only on paths connecting the 
initial and the final points that differ from one another only slightly. 
For simplicity, we only look at continuous paths which are differen- 
tiable. (A more careful analysis shows that the paths which contribute 
nontrivially are the continuous paths which are not necessarily differ- 
entiable. But for simplicity of argument, we will ignore this technical 
point.) The question that we would like to understand is how among 
all the paths which can contribute to the transition amplitude, it 
is only the classical path that is singled out in the classical limit, 
namely, when h —> 0. We note here that the weight factor in the 
path integral, namely, ens [=] is a phase multiplied by a large quantity 
when fh — 0. Mathematically, therefore, it is clear that the dom- 
inant contribution to the path integral would arise from paths near 
the one which extremizes the phase factor. In other words, only the 


trajectories close to the ones satisfying 


6S|x 
Sg ae 
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would contribute significantly to the transition amplitude in the clas- 
sical limit. But, from the principle of least action, we know that these 
are precisely the trajectories which a classical particle would follow, 
namely, the classical trajectories. Once again, we can see this more 
intuitively in the following way. Suppose, we are considering a path, 
say #3, which is quite far away from the classical trajectory. Then, 
because fi is small, the phase along this trajectory will be quite large. 
For every such path, there will be a nearby path, infinitesimally close, 
say ##2, where the action would differ by a small amount, but since 
it is multiplied by a large constant would produce a large phase. All 
such paths, clearly, will average out to zero in the sum. Near the 
classical trajectory, however, the action is stationary. Consequently, 
if we choose a path infinitesimally close to the classical path, the ac- 
tion will not change. Therefore, all such paths will add up coherently 
and give the dominant contribution as h —> 0. It is in this way 
that the classical trajectory is singled out in the classical limit, not 
because it contributes the most, but rather because there are paths 
infinitesimally close to it which add coherently. One can, of course, 
make various estimates as to how far away a path can be from the 
classical trajectory before its contribution becomes unimportant. But 


let us not go into these details here. 
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2.4 Equivalence with Schrodinger Equation 


At this point one may wonder about the Schrédinger 
equation in the path integral formalism. Namely, it is not clear 
how we can recover the time dependent Schrédinger equation (see 
Eq. (1.30)) from the path integral representation of the transition 
amplitude. Let us recall that the Schrodinger equation is a differen- 
tial equation. Therefore, it determines infinitesimal changes in the 
wave function. Consequently, to derive the Schrodinger equation, we 
merely have to examine the infinitesimal form of the transition am- 
plitude or the path integral. From the explicit form of the transition 
amplitude in Eq. (2.29), we obtain for infinitesimal 


U(ts = €, 25; t; = 0,23) 


wie 


= ( us ) eh 


Le — TZ; ret 7; 


p-v(FLS)) 


Qrihe (2.31) 


We also know from Eq. (1.38) that the transition amplitude is the 
propagator which gives the propagation of the wave function in the 


following way, 
(z,e) = [~ da’ U(e,z;0,2')Y(z2’,0) (2.32) 


Therefore, substituting the form of the transition amplitude namely, 
Kq. (2.31) into Eq. (2.32), we obtain 
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¢ 
a. 


im ie, +a! 
were) = (2) fe dz’ he al nv 3 y(2',0) 
(2.33) 
Let us next change variables to 
n=2-2 : (2.34) 
so that we can write 
sg n? Ey, 42) 


=) 
ilae) = (=™)' [ane v(e+n,0) (2.38) 
It is obvious that because € is infinitesimal, if 7 is large, then the first 
term in the exponent would lead to rapid oscillations and all such 
contributions will average out to zero. The dominant contribution 


will, therefore, come from the region of integration 


omhe\? 
< < 
vis (2 


(2.36) 
‘where the change in the first exponent is of the order of unity. Thus, 
we can Taylor expand the integrand and since we are interested in the 
infinitesimal behavior, we can keep terms consistently up to order e. 


Therefore, we obtain 
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rl ee 
wae) = (572) [@ an ee” (1 - EV(e + J) ule + 0,0) 


a) [dn eBhe™ (1 — FV (@) +012) 


Il 


(4(2, 0) + nv!(z,0) + L¥"(2,0) + O(n") 


~ eS) ie dn eRe (ACT b= EV (elute, 0) 


+b'(2,0) + Zy"(2,0) + O(n). (2.37) 


The individual integrations can be easily done and the 


results are 
ae oe 
‘ie a edhe” _ (=) 
—0o0 m™m 
im 1 
ee dn nethe’ = 0 
wm nf he (Qrihe\ 3 
2 
iL dn 1? edhe! = —( ah =) (2.38) 
m m 


Note that these integrals contain oscillatory integrands and the sim- 


plest way of evaluating them is through a regularization, namely, 
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‘ us 
= m : 
2he 


and so on. 


(2.39) 


Substituting these back into Eq. (2.37), we obtain 
m \3|/(2Qmihe\? 1€ 
¥(2,¢) = ("| ( “™)" (v (2.0) - FV (2) ¥(2,0)] 
the (= 
+ 


Tala Vy" (2,0) +0 ¢) 


2m 
she ., 1€ 2 

= ¥(z,0) + >—¥" (2,0) — FV (2) (2,0) + 0 (€’) 
i 2 2 

or, ¥(z,€) — p(z,0) = <( test 


F_S3+V(2)) ¥(e,0)+0(¢) 


(2.40) 


In the limit « — 0, therefore, we obtain the time dependent Schro- 
dinger equation (Eq. (1.30)) 


Oy tat) a oe 
th at = (-soga tV@) (a, 6) 
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The path integral representation, therefore, contains the Schrodinger 


equation and is equivalent to it. 


2.5 Free Particle 


We recognize that the path integral is a functional inte- 
gral. Namely, the integrand which is the phase factor is a functional 
of the trajectory between the initial and the final points. Since we do 
not have a feeling for such quantities, let us evaluate some of these 
integrals associated with simple systems. The free particle is probably 
the simplest of quantum mechanical systems. For a ee particle in 


one dimension, the Lagrangian has the form 
133 
L= gmt (2.41) 


Therefore, from our definition of the transition amplitude in Eq. (2.28) 
or (2.29), we obtain 


Oy 27; tite 


he On a 
oT . ree al 
ee (55] | AIC a : 
BS im JX 2 
m \7 re x (rn = Zn-1) 
a thes 
= lim (=) [de,---deyre € n=l (2.42) 


e—0 
N-00 
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Defining 
1 
m \2 
nos (= Ln, (2.43) 
we have 
N N-1 
2 (Qhe\ = 
U(tyzpitya) = lim (<2) (=) 
(ty a ti) eo Qrihe m 


N 
DY CES Yaa) 
i: dy, ---dyy_1e "=! (2.44) 


This is a Gaussian integral which can be evaluated in many different 
ways. However, the simplest method probably is to work out a few 


lower order ones and derive a pattern. We note that 


[ays eil(y: — yo)” + (y2 - 21)'] 


Yo + Y2 
2 


ifa(y, — LEM + Syn - 0)" 


= [dye 


= ce z (ya — yo)" (2.45) 


2 


If we had two intermediate integrations, then we will have 
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[ dyrdyr el(yi — yo)’ + (y2 — 1)? + (ys — Y2)?] 

. a . 1 - 2 _ 2 

= (2)! fay ela + nw 
1 31 +2y3,5.. i 

im\2 (F (ue = al a, 3 (us = yo)? 

= (=) [ty € 
Gi Es) = (Ya — yo)? 

= {— een e3 

2 3 


“ 4 5 (ys — yo)? (2.46) 


A pattern is now obvious and using this we can write 


Ut ap tie.) 


x Mat 7). \yn-tyh eax? 
= lim ( i ) & (& eN (yw ~ vo) 
Role 2rihe m N 
m 2 TWine\ 2 N — Zo 
= ee) | 
on (=) ( m ) JN Ste 
1 Se (apa 
2 m if Lj 
= 2iAN 
re (aw <a 
N-+00 


7 pee eC (2.47) 
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Thus, we see that for a free particle, the transition amplitude can be 
explicitly evaluated. It has the right behavior in the sense that, we 


SGe-as tf —— 1;, 


U(ts,x4;ti,xi;) —> 6(zy—ai) (2.48) 


which is nothing other than the orthonormality relation in the Heisen- 
berg picture given in Eq. (2.8). Second, all the potentially dangerous 
singular terms involving « have disappeared. Furthermore this is ex- 
actly what one would obtain by solving the Schrodinger equation. It 
expresses the well known fact that even a well localized wave packet 
spreads with time. That is, even the simplest of equations has only 


dispersive solutions. 
Let us note here that since 
ty tl ob) 
S|z] = ie dt ame 


the Euler-Lagrange equations give (see Eq. (1.28)) 


6S[z] 3 
= =0 2.49 
This gives as solutions 
z(t) = v = constant (2.50) 


Thus, for the classical trajectory, we have 
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ty, Lee 
S[z.i] = [ dt 5 ta = pee (t; — t;) (2.51) 


On the other hand, since v is a constant, we can write 


hye oe ee 1) 


oa : (2:52) 


Substituting this back into Eq. (2.51), we obtain 


m (zy — zi)" 


(ty _ i) a 9 ———__—_— (2.53) 


ty —t; 


1 Co ae oe 
poi = || ee 
lea] = 5 ( a 
We recognize, therefore, that we can also write the quantum transition 
amplitude, in this case, simply as 
1 


m 7 
U(ts, vy; tiyvi) = aoa) ef lea! (2.54) 


This is a particular characteristic of some quantum systems which can 
be exactly solved. Namely, for these systems, the transition amplitude 
can be written in the form 


U(ts, 27; ti,2;) = A er Fal (2.55) 


where A is a constant. 
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Finally, let us note from,the explicit form of the transition 


amplitude in Eq. (2.47) that 


OU ae U _ im rfp 2 2 
Ot s 2(t¢ — t:) 2h \ ty — t; 
ON eee 2 fae © 
Ors hh \ty—-ti 
07U am ~U im\? (as — 2; 
| soma a (=) U 
Ox4 h t; —t; h tp — tj 


og: (: a] (2.56) 


Uh PU 
Feeaaicel (2.57) 


which is equivalent to saying that the transition amplitude obtained 


from Feynman’s path integral, indeed, solves the Schrodinger equation 


for a free particle (compare with Eq. (1.35)). 


- 
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Chapter 3 


Harmonic Oscillator 


3.1 Path Integral for the Harmonic Oscillator 


As a second example of the path integrals, let us consider 
the one dimensional harmonic oscillator which we know can be solved 
. exactly. In fact, let us consider the oscillator interacting with an 


external source described by the Lagrangian 


L= ama? - smnuta? + Jz (3.1) 
with the action given by 
S=fdtL (3.2) 


Here, for example, we can think of the time dependent external source 


43 
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J(t) as an electric field if the oscillator is supposed to carry an electric 
charge. The well known results for the free harmonic oscillator can 
be obtained from this system in the limit J(t) —+ 0. Furthermore, 
we know that if the external source were time independent, then the 
problem can also be solved exactly simply because in this case we can 


write the Lagrangian of Eq. (3.1) as 


i sma? _ smut? + Jz 
= ae — aot (z i ) li 
a) w? 2mw? 
1 1 1 
= 5m _ ye + ae (3.3) 
where we have defined 

- J 
mice oo (3.4) 


In other words, in such a case, the classical equilibrium position of the 
oscillator is shifted by a constant amount, namely, the system behaves 
like a spring suspended freely under the effect of gravity. The system 
described by Eq. (3.1) is, therefore, of considerable interest because 


we can obtain various known special cases in various limits. 


The Euler-Lagrange equation for the action in Eq. (3.2) 


gives the classical trajectory and takes the form 
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6S(z] _ 
, ba(8) 


Or, MF + mw’*2.— J =0 (3.5) 


and the general form of the transition amplitude, as we have seen in 
Eq. (2.28), is given by 


C8 Ce Bie oe) oe A[Dz ex Sa] (3.6) 


To evaluate this functional integral, let us note that the 
action is at most quadratic in the dynamical variables x(t). Therefore, 


if we define 
x(t) = r.i(t) + n(t) (3.7) 


then, we can Taylor expand the action about the classical path as 


6S[z] 
d2(t) 


S{z] = Slea+n] = Sleal + f dt n(t) 


T=Fel 


+5 [ dtydt, n(t1)n(t2) Oe 


(3.8) 


t=Z cl 


We note from Eq. (3.5) that the action is an extremum for the classical 


trajectory. Therefore, we have 


6S[z] 


x(t) a (3-9) 


r=Tel 
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Consequently, we can also write Eq. (3.8) as 


5? S|[z] 


u(t.) (th) oe 


S{z| = S{za] + 5; f dtidtan(ti)n(ta) 


t=TZel 


If we evaluate the functional derivatives in Eq. (3.10) for the action 


in Eq. (3.2), we can also rewrite the action as 
= 1 t ; 
S[z] = S[ze) + 5 [’ dt (m7? — mw?n’) (3.11) 


The variable n(t) represents the quantum fluctuations aro- 
und the classical path, namely, it measures the deviation of a trajec- 
tory from the classical trajectory. Since the end points of the trajec- 


tories are fixed, the fluctuations satisfy the boundary conditions 
n(ti) = n(t) = 0 (3.12) 


It is clear that summing over all the paths is equivalent to summing 
over all possible fluctuations subject to the constraint in Eq. (3.12). 


Consequently, we can rewrite the transition amplitude as 
U(ty, xf; be z,) 


a be iu 2 Deed 
= A[ Dn [gst of 2h i a (mn raat) ) 


a 1 2g 
a. Ache f Dy ett h, (mi? — mate? (3.13) 
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This is an integral where the exponent is quadratic in the variables 


¢ 


and such an integral can be done in several ways. Since the harmonic 
oscillator is a fundamental system in any branch of physics, we will 
evaluate this integral in three different ways so as to develop a feeling 


for the path integrals. 


3.2 Method of Fourier Transform 


First of all, we note that the integrand in the exponent of 
the functional integral does not depend on time explicitly. Therefore, 


we can redefine the variable of integration as 
t—t-t; (3.14) 


in which case, we can write the transition amplitude as 


mi? — mun?) 


aaa 
U (tae fe, z;) =A ek lel] [Dn e2h 0 (3.15) 


where we have identified the time interval with 
The variable 7(t) satisfies the boundary conditions (see Eq. (3.12)) 


n(0) = n(T) = 0 (3.17) 
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Consequently, the value of the fluctuation at any point on the trajec- 


tory can be represented as a Fourier series of the form 


nit 


n(t) = >> a,sin (= n = integer (3.18) 
Substituting this back, we find that 
ait = 3 fl (= 
fi ata DI dt anam (=) (=) cos (= cos F 
nt 


= 55 (SE) a3 (3.19) 


where we have used the orthonormality properties of the cosine func- 


tions. Similarly, we also obtain 


i a7 nnt\... fant 
ah dt a,a,, sin (=) sin (=) 


T 
ag (3.20) 


Il 


[Vat P(t) 


Furthermore, we note that integrating over all possible configurations 
of 7(t) or all possible quantum fluctuations is equivalent to integrating 
over all possible values of the coefficients of expansion a,. We also note 
that since we have chosen to divide the trajectory into N intervals, 
namely, since there are (N — 1) intermediate time points, there can 
only be (N — 1) independent coefficients, a,, in the Fourier expansion 


in Eq. (3.18). Thus we can write the transition amplitude also as 
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ONG re ti 22) 


= lim Alek Sze] [day eda eh ret 
Noes 


lt 


imi Nel fnm\?) 4\ 5 
. i S[z.1] 4h ce, | eae hae 
lim Alen? leet [day-+-day-re n=l (Se) 


N— co 


Here we note that any possible factor arising from the Jacobian in the 
change of variables from 7 to the coefficients, a,, has been lumped into 


A' whose form we will determine shortly. 


We note here that the transition amplitude, in this case, 
is a product of a set of decoupled integrals each of which has the form 
of a Gaussian integral which can be easily evaluated. In fact, the 
individual integrals have the values (see Eq. (2.39)) 


/ ae (@) . -’ an 
(ar) (F)-“) 
-(Sr) (F) (-G)) 


Substituting this form of the individual integrals into the expression 


A 
2 


for the transition amplitude in Eq. (3.21), we obtain 
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: i N-1 wT a3 ; 
U(t;s,x4;t;,2;) = lim A"et lal J] (1 = (=) (3.23) 
Noe nol ie 


If we now use the identity, 


ce Tr ( ie (=) oes (3.24) 


we obtain 


sin aa 


‘t..27:;)=2 hi . steal ( 
Ut 1.2) lim Ave OT 


N—co 


(3.25) 


We can determine the constant A” by simply noting that when w = 0, 


the harmonic oscillator reduces to a free particle for which we have 
already evaluated the transition amplitude. In fact, recalling from 
Eq. (2.54) that 


m ar 
Up p(ts, 27; t;, 23) = cE} eb Seal] (3.26) 


and comparing with Eq. (3.25), we obtain 


. n m 4 
ae * cos 20 


Therefore, we determine the complete form of the transition amplitude 
for the harmonic oscillator to be 
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Ot ti ole ( m 22h oh Sleal 


QriAT wT 
1 ' 
eee : £S[za1] 
(<= wed 5 (3.28) 


It is quite straightforward to see that this expression reduces to the 


transition amplitude for the free particle in the limit of w — 0. 


3.3. Matrix Method 


If the evaluation of the path integral by the method of 
Fourier transforms appears less satisfactory, then let us evaluate the 
integral in the conventional manner by discretizing the time interval. 


Let us parameterize the time on a trajectory as 
t, = t;+ ne n=0,1,:--,N 


Correspondingly, let us define the values of the fluctuations at these 
points as 

(tn) = Mn (3.29) 
Then, we can write the transition amplitude in Eq. (3.15) in the ex- 


plicit form 
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ENG far bss x.) 


mi’ = mw?n’) 


I 


1 ty 
al etSteal [Dy eh i dt ( 
N 
7 


) ebSteal f dn, ---dnw-1 


wig (= 


N-0o 
te > (m (* ay tea a gic (= te m=1)') 
e2F act ; (3.30) 


In this expression, we are supposed to identify 
No =n = 0 (3.31) 
corresponding to the boundary conditions in Eq. (3.12), namely, 
n(ti) = n(ts) = 0 


To simplify the integral, let us rescale the variables as 
= i aee 
Tn p<} 7 (3.32) 


The transition amplitude, in this case, will take the form 


U(tys, Tf; ti, z) 


N N-1 
2 


2he\ 2 iSts 
(=) ers el] fam so 6 dnn-1 


| 
| 
o 
ame 
y 
=| 3 
om 
Se” 


£m — mani)? = Pur Maya) 
ones (3:83) 
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If we think of the 7,’s (there are (N — 1) of them) as 


2 - a, 
forming a column matrix, namely, 


n= ; (3.34) 


N-1 


then, we can also write the transition amplitude in terms of matrices 


as 


N N-1 
Mm \ apehne\ 2. SGP 
t aE: a i —— =a = S[ze1] UT] Bn ; 
ama Pai ete) ( 7 [ane (3-35) 


Here 77 represents the transpose of the column matrix in Eq. (3.34) 
and the (N — 1) x (N — 1) matrix B has the form 


ae) 0) 0 Fe. 7a ie 
Sige emer? | 1.2 1 Oe 
Fei aie agian (3.36) 


i) ee as meee ae G1 2 ee 


This is a symmetric matrix and, therefore, we can write it as 
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rcyO0O0-: 


po eee an (3.37) 
On Yi 2 yas 


where we have defined 


y= - (1 + = (3.38) 


The matrix B is clearly Hermitian (both z and y are real) 
and, therefore, can be diagonalized by a unitary matrix (more pre- 


cisely by an orthogonal matrix) which we denote by U. In other words, 


b, 0 0 
O° bs Ome 
Bee ; =UBU' - (3.39) 
O° 0 bee 
Therefore, defining 


we obtain 
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[ane Bn 2 [ag ei” Bos 
N-1 


DY LNG 
[dgi-+-dgv-re == 


N-1 /jq\3 
i fe 


(im)"*" (det B)~? (3.41) 


Here we have used the familiar fact that the Jacobian for a change of 
variable by a unitary matrix is unity. Using this result in Eq. (3.35), 
therefore, we determine the form of the transition amplitude for the 


harmonic oscillator to be 
U(ts, Tf; ti, 5) 


= lim = ) (=) * ef (i n) 7 (det B —3 en Sal 


= cae 3 Steal . 3.42 
a cy (a3) F ( ) 


It is clear from this analysis that the transition amplitude can be 


defined only if the matrix B does not have any vanishing eigenvalue. 
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We note here that the main quantity to calculate in order 
to evaluate the transition amplitude is 
lim edet B 
e—0 
N—-0o 
Let us note from the special structure of B in Eqs. (3.37) and (3.38), 
that if we denote the determinant of the sub n x n matrices of B as 


I,, then it is easy to check that they satisfy the recursion relation 


Ings = 2, — y*In-1 m=O) 12-- (3.43) 


where we restrict 


i =O Io — | (3.44) 


This recursion relation can be checked trivially for low orders of the 


matrix determinants. Substituting the form of z and y, we obtain 


ew ew?\? 
Ing = 241 -—J] hh - —]| I, 
ye: a) 
of, Lui Zine — = (1 ap ey ae sal 4) 
Invi — 24,+ I,- w? ew 
ae 7 > as (1 Plae1 t <"1,-1| (3.45) 


We are, of course, interested in the continuum limit. In order to do 


so, let us define a function 


(tn — ti) = o(ne) = el, _ (3.46) 
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In the continuum limit, we can think of this as a continuous function 
of t. In other words, we can identify t = ne as a continuous variable 


as € — 0. We note then, that 


lim e det B = iim. €Iy_1 = G(ty — ti) = O(T) (3.47) 
N-0o N-0o 


We also note from Eq. (3.46) that, in the continuum limit, 


(0) = lim ely lim e=0 (3.48) 
and similarly, 
—— = ae 
$(0) =lim « (= : *) = lim 2 7 == = i =1 (3.49) 


Furthermore, from the recursion relation for the J,’s in Eq. (3.45), 
we conclude that in the limit « — 0, the function ¢(t) satisfies the 


differential equation 


= —w*(t) (3.50) 


We recognize this to be the harmonic oscillator equation and the solu- 


tion subject to the initial conditions (Eqs. (3.48) and (3.49)) is clearly 


sin wt 


o(t) = 
It now follows from this that 


(3.51) 


wW 
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inwT 
lim edet B= lim ely-1 = $(T) = aa (3.52) 
N—co N—oo 


Consequently, for the harmonic oscillator, we obtain the transition 


amplitude in Eq. (3.42) to be 
U(ts, xy; ti, 2) 


= G m 2 4 S[z.1] 
ei en (<5 det 3) a 


— 00 


_ MW 3 i S[ze1] 3 53 
= | ——_____. LY . 
(x5 sin =) ( ) 


This is, of course, what we had already derived in Eq. (3.28) using 


the method of Fourier transforms. 


Let us next describe an alternate way to determine det B 
which is quite useful in studying some specific problems. Let us recall 
from Eq. (3.43) that the determinant of the n x n matrices, I, satisfy 


the recursion relations 
i = cin co or o 
n+1 n y 1 


We note here that we can write these recursion relations also in the 


simple matrix form as 


Tea ns = -y? 1 
alate Coy 
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Iterating this (N — 2) times, for n = N — 2, we obtain 


(rs) = (2) (4) 


(N—-2) factors 


z —y?* a x 
-(3 | ™ (3.5) 


We can determine the eigenvalues of the fundamental 2 x 2 


matrix in Fq. (3.55) in a straightforward manner. From 


ee ee: 
det as J =0 
1 —A 
we obtain 
av 2 4y2 
pe sea > (3.56) 


Furthermore, the 2 x 2 matrix can be trivially diagonalized by a sim- 


ilarity transformation. In fact, if we define 


a ae (3.57) 
c d 


with 


(3.58) 


~ 

Je 

| 

i- 
Sol @& it 

~ 

+ 
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where c and d are arbitrary parameters, then it is easy to check that 


: }es(% ° Js (3.59) 
1 0 pea 


Using this in Eq. (3.55), we obtain 


i asl : Js(4) (3.60) 
Iny—-2 1 le, ele 1 


We recall from Eq. (3.56) that 
=, +A_ (3.61) 


Using this as well as the forms for S and S~’ in Eqs. (3.57) and (3.58), 
we obtain from Eq. (3.60) 


1 


We can easily check now that 


I, —)((] 
: eee | 
h = . OG — \*) 
e Cee 
=A,+tiA-=2 (3.63) 
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which is consistent with our earlier observations in Eqs. (3.43) and 


(3.44). “ 


Let us next note from Eqs. (3.56) and (3.38) that 


ys N= i(e? = 4y?)? 


(sa - Sy a4 S) ) 
(—4e7u?)3 = Diew 


i (4 + ae - 2h 
+ 


N 
2(1 — aise 8 Sb 


(1 +iew +O ae ~ (1+ iew)” 


Re 2 — x? — 4y2\" 
eae — 
N 
= (1-iew+O(e aye ~ (1 —iew)” (3.64) 


Consequently, substituting these relations into Eq. (3.62), we obtain 
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lim ely_; = lim 6 ee 


ek Fe Aes 
= lim 652 (1 + iew)” — (1 — iew)”) 
00 
= as ——)* _ (1 —- —— 
an mela ea) 
1 wT) wT sinwT 
ee emt ea ee 3.65 
Te | a ee , (3.68) 


Here T is the time interval between the initial and the final times and 
this is, of course, what we had obtained earlier in Eq. (3.52), namely, 


that 
sin wT" 


lim edet B = 
«0 
N—00 


In any case, we obtain the transition amplitude for the harmonic 


wW 


oscillator to be 
I 


mw 2 ig 
U(ts, 24; ti, 21) = (a=) ek Sea} (3.66) 


3.4 The Classical Action 


Once again we see from Eq. (3.28) or (3.66) that the 
transition amplitude has a generic form similar to the one found for 


the case of the free particle. Namely, it is proportional to ex Sl), 
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A complete determination of the transition amplitude, in this case, 
therefore, would require us to evaluate the classical action for the 
system. This can be done simply in the following way. We recall that 


the Euler-Lagrange equations for the present system are given by (see 
Eq. (3.5)) 


mz,1 + mw*z — J =0 


In other words, the classical trajectory is a solution of the equation 


( ia " .’) ne ae (3.67) 


The solution, obviously, consists of a homogeneous and an inhomoge- 


neous part and can be written as 
zeilt) = rq(t) + zy(t) (3.68) 
where the homogeneous solution is of the form 
a(t) = Ae? 4 Bet (3.69) 
with A and B arbitrary constants. To determine the inhomogeneous 
solution, we use the method of Greens function. Here the Greens 
function for Eq. (3.67) is defined by the equation 
d? 2 ' ! 
Tad G(t —t') = —6(t —t) (3.70) 
It is clear that if we know the Greens function, G(t — t’), then, the 


inhomogeneous solution can be written as 
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I(t’) 


z(t) = — [” at’ Gt - {)-— (ou) 


The Greens function can be easily determined by trans- 


forming to the Fourier space. Thus, defining 


G(t-t') = [Fe etk(t — t) G(R) 
6(t-t') = - etk(t — t) (3.72) 


where G(k) is the Fourier transform of G(t — t'), and substituting 
these into Eq. (3.70) we obtain (Note from Eq. (2.6) that the Fourier 


transform in time is defined with an opposite phase.) 


(f+ wG(=2) = (tt) 
or, a = as 
Ot. Gi kk) — Fe ae : (3.73) 


Consequently, the Greens function takes the form 


dhe shit 4 
| Fee We = ee) 


G(t —t’) 


il e~tk(t _ t) 
az | a pu (3.74) 
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A quick inspection shows that the integrand has poles at 
k = tw. Therefore, we must specify a contour in the complex k-plane 
in order to evaluate the integral. Normally, in classical mechanics, 
the Greens functions that are of fundamental interest are the retarded 
and the advanced Greens functions. But a Greens function that is of 
fundamental significance in quantum theories is the Feynman Greens 


function and corresponds to choosing a contour as shown below. 


Imk Imk 


Equivalently, it corresponds to defining (see Eq. (3.73)) 


algal 1 
ae JV2n k? — w2 + i€ 

— 1 1 1 

— ener k hwnd b= w 406 


Gr(k) = 


(3.75) 


where we have defined 
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In other words, we can think of the Greens function in Eq. (3.75) as 


the Fourier transform of the function which satisfies the differential 


equation 


d? 
jim (Fa + w* —ie)Gr(t — . ') = —6(t — t’) (3 a) 
We note here, for completeness, that the retarded and the advanced 
Greens functions, in this language, correspond respectively to choos- 


ing the Fourier transforms as 


1 1 


Grek) > 
(*) 0+ Jn (k + ic)? — 2 


with the respective contours 


link 


With such a choice of contour for the Feynman Greens 
function, enclosing the contour in the lower half plane for t — t’ > 0, 


we obtain 
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<4 e-ik(t — t’) 
Cees = lim 2 a 
( ) 60+ ax | dk (k + w — i6)(k —w + i6) 
il e-tw(t = t') 
=o q(t?) ae 
= — -iv(t-*/) | 
Saege (3.77) 


On the other hand, for t — t’ < 0, enclosing the contour in the upper 
half plane, we find 
1 e-tk(t — t’) 
So pe oe ieee 
an aid (k + w — 16)(k — w +126) 


Gt =7) 


iw(t — t’) 
see) | aaa 


2a —2w 
_ 1 tu(t-?) (3.78) 
2iw 


Thus, the Feynman Greens function has the form 


° ° Ul 
e-tw(t — t’) eiw(t — t') 
——_—_—— + 6(t'- Oar 


3.79 
Qiw ( ) 


Gr(t —t') = 6(t -#’) 
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Using this Greens function in Eq. (3.71), we can now ob- 


tain the inhomogeneous solution as 


z1(t) = - f" dt Gp 4 i 


t e-tw(t—t > tt 
=== H+ 10) 


Be wat cf" dtletw(t-— t') 7 (t+ f" dtetw(t —t') 7 J(t’)) (3.80) 


2imw 


Thus, substituting Eqs. (3.69) and (3.80) into Eq. (3.68) we can write 
the classical trajectory as 
rane) = z(t) + zy(t) 
—_ ila Be7wt 


([ dt'e -iw(t— 1) J ae) + [7 dt'et(t — ) 7(4")) (3.81) 


- 


Imposing the boundary conditions 


L_1(t;) = 7; 
= Aeti ae Be-mti a 1 were iw(t; —t )I(t t') 
2imw Jt; 
Tei(ty) = ry 
= Aplet? —lwts —iwl(t,—t 
Ae? + Be — ah’ dt'e~t (ty — #1) 34") (3.89) 
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we see that we can solve for A and B in terms of the initial and the 


final coordinates of the trajectory as 


a wt; er —tuwt 5 
oF, sin Samar se" a ) 
—twt 5 t 
nS — [’ dt' sinw(t' — t,)J(t')] 
1 iwt wt; 
pane Pe 22, { — pepe st 
oS sinwT (ere dl ) 


e! 


halt 
vf { fee J ! 
dese [ dt’ sin w(t — t') J(t')] 


Substituting these relations into Eq. (3.81), we determine the classical 


trajectory to be 


Spies sin w(t — t;) + zjsin w(t, — t) 


rei(t) = 


s 1 “! qe = cosw(t — t') — cosw(ts +t; —-t —#’))] 
my ti 


—t_(ffataeyer ot") 4 Parsee) (3.89) 


21mw 


We can-now derive the classical action from Eqs. (3.2) and (3.1)in a 


straightforward manner to be 
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Spee) = = [(2? a z+) coswT — 22;2 | 
ee 2 7S _ ft dtJ(t) sinw(t — t; 
tao 4 dtJ(t) sinw(ty — t) + <a i" (t) sin w(t — t,) 
ee i dt' J(t) sinw(t; — t)sinw(t' — t;)J(t') (3.84) 
mw sin wT /t 


This, therefore, completes the derivation of the transition amplitude 
for the harmonic oscillator interacting with a time dependent external 


source. 
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Chapter 4 


Generating Functional 


4.1 Euclidean Rotation 


We have seen in Eq. (2.39) that the standard Gaussian 


integral (where the exponent is quadratic), namely, 


5 1 
iL dz eax” == me , 


generalizes in the case of an x n matrix as (see Eq. (3.41)) 


—— an 
fant an = () on 


provided A is a Hermitian matrix. In fact, we will now see explicitly 


that this result holds true even when we replace the matrix A by a 


71 
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Hermitian operator. In other words, we will see that we can write 
apee 
i |’ dt n(t)O(t)n(t ae 
[oneh MEO) _ wider O(t))-3 (4.2) 


where O(t) is a Hermitian operator and N a normalization constant 


whose explicit form is irrelevant. 


To establish the identification, let us go back to the har- 
monic oscillator and note that the quantity of fundamental impor- 


tance in this case was the integral (see Eq. (3.13)) 
[one sm 2 — mun?) 
pa oil 
= [Dae A nha Te 5 ten) (4.3) 
with the boundary conditions 
n(ts) = n{ty) =0 (44) 


The value of this integral was determined earlier (see Eq. (3.25)) to 
be 
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a 1 a -} 
AM (a Ww ) 
wT 


where JT’ = t; — t; represents the total time interval. We evaluated 


this integral earlier by carefully discretizing the time interval and 
calculating the determinant of a matrix (see Eqs. (3.30) and (3.35)) 
whose matrix elements were nothing other than the discrete form of 
the matrix elements of the operator in the exponent in Eq. (4.3). 
This would already justify our claim. But let us, in fact, calculate the 
determinant of the operator in the exponent of Eq. (4.3) explicitly 


and compare with the result obtained earlier. 


The first problem that we face in evaluating the functional 
integral is that the exponential in the integrand is oscillatory and, 
therefore, we have to define the integral in some manner. One can, 
of course, use the same trick as we employed in defining ordinary 


oscillatory Gaussian integrals (see Eq. (2.39)). Namely, let us define 


im ty So aan fev 
pang) Ge F = 
[Dn ert hs (7° — w'n") 
ae 2 é 
— ie)n(t 
= lim [Dye me @ Nite nt) ae) 
e—0+ 


This provides proper damping to the integrand and, as we will see, 


leads to the Feynman Greens functions for the theory. In fact, as 
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we have already seen in Eq. (3.76), the inverse of the operator in the 
exponent in Eq. (4.5) gives the Feynman Greens function which plays 
the role of the causal propagator in the quantum theory. It is in this 
sense that one says that the path integral naturally incorporates the 


causal boundary conditions. 


There is an alternate but equivalent way of defining the 
path integral which is quite pleasing and which gives some sense of 
rigor to all the manipulations involving the path integral. Very simply, 
it corresponds to analytically continuing all the integrals to imaginary 


times in the complex t-plane. More explicitly, we let 


t—t!'=-—ir T real (4.6) 


Imt 


With this analytic continuation, then, the integral in Eq. (4.3) be- 


comes 
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7 d? r 
Sueaye CONG = ea) are 


Here we have scaled the variables in the last step and N’ represents 
the Jacobian for the change of variables. Furthermore, we have to 


evaluate the integral in Eq. (4.7) subject to the boundary conditions 
1(7i) = n(T) = 0 (4.8) 


The right hand side of Eq. (4.7) is now a well defined quantity since 
the integrand is exponentially damped. (The analytically continued 
operator has a positive definite spectrum.) We can now evaluate 
this integral and at the end of our calculations, we are supposed to 


analytically continue back to real time by letting 
Te NY Sane te geen 

ee a t real (4.9) 

From Eq. (4.2) we see that the quantity which we are 


interested in is det(- + w*). Furthermore, this determinant has 


to be evaluated in the space of functions which satisfy the boundary 
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conditions 

n(ri) = (Ts) = 0 
Therefore, we are basically interested in solving the eigenvalue equa- 
tion 


d? 
etre + wn = AnYn (4.10) 


subject to the boundary conditions in Eq. (4.8). The normalized 
eigenfunctions of Eq. (4.10) are easily obtained to be 


2 _ nn(t — 7%) 
Ue GA Fae EL oe 4.11 
()= VG) ya) ail 
with n a positive integer. The corresponding eigenvalues are 
2 
nt 
i ("| +? 4.12 
(7-71) See 


Thus, we see that the determinant of the operator in 


Eq. (4.7) or (4.10) has the form 
2 


d oo 
det(—T; +4") = It 


A 
_f les J +04 
n=1 (- a =) 


- AG) A CS) 


sinh w(t — 7;) 
w(T¢ = Ti) 


n 
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where we have used a relation similar to the one given in Eq. (3.24) 
and B is a constant representing the first product whose value can be 
absorbed intothe normalization of the path integral measure. Analyt- 
ically continuing this back to real time, we obtain 


a’ 2 d? 2 
det(—T +w*) — det(—; + w*) 


dt? 
sinw(t;—t;)  , sinwT 
w(ts aS t;) 7 wT cr) 


Here, as before, we have identified T = t;—t; with the total time inter- 
val. This is, of course, related to the value of the path integral which 
we had obtained earlier in Eq. (3.28) through a careful evaluation. 


Therefore, we conclude that 


im ts 300) 3 
ii t = 
[orem h, ge 
ee ae by @ re 
= (== =N (dex = tu) (4.15) 


Later, we will generalize this result to field theories or systems with 


an infinite number of degrees of freedom. 


Let us next discuss in some detail the analytic continua- 
tion to the imaginary time. Consider a Minkowski space with coordi- 


nates 


zr = (t,Z) 
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where we leave the dimensionality of space-time arbitrary. Then, un- 


der the analytic continuation, 


zt = (t,z) + (—ir,2) 


a? = (t?-#) + -(7?+ z”) (4.16) 


Therefore, we note that 7 is nothing other than a Euclidean time. 
The analytic continuation, consequently, corresponds to a rotation 
to Euclidean space. (Although, in one dimension, it does not make 
sense to talk about a Euclidean space, in higher dimensional field 
theories it is quite meaningful.) The sense of the rotation is completely 
fixed by the singularity structure of the theory. Let us note that an 
analytic continuation is meaningful only if no singularity is crossed in 
the process. We know from our study of the Greens function in the 
last chapter (see Eq. (3.75)) that in the complex energy plane, the 


singularities occur at 


Im k® 


It is clear, therefore, that an analytic continuation from Re k® to Im k® 
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is meaningful only if the rotation is anticlockwise, namely, only if we 
let 
| k° + k® = ik kK real (4.17) 
Since we can represent 
0 
ko 3 tho 
at 


it follows now that in the complex t-plane, the consistent rotation will 
be 
t— t' =-ir T real (4.18) 


4.2 Time Ordered Correlation Functions 


Let us recapitulate quickly what we have done so far. We 
have obtained the transition amplitude in the form of a path integral 


as 


1 
— § 
ig fans oroaal (4.19) 


Let us next consider a product of operators of the form 
X (ti) Xu (te) 


and evaluate the matrix element 


H ay, te|X a (ti)X a (te)|2i, ti) a tp2t >t 21; 
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Since t; > t2, then we can insert complete sets of coordinate basis 


states and write 


x (xy, ts|Xa(ti) Xx (ta)|ei, tide 
[ dxyde, a(zs,ts|Xa(ti)|z1, 1) a 


w(21,ty|X (te) |e, to) a (22, talents) x (4.20) 


= [deide, vito w(t z,ts|ei, ti) a a (21, t1|22, te) e y(2,te\zi, tia 


Here we have used the relation in Eq. (1.41). We note that each 
inner product in the integrand represents a transition amplitude and, 
therefore, can be written as a path integral. Combining the products, 


we can write (for t, > tz) 


1 
— Six 
H(&p,t¢|Xn(ti)Xa(te) (ai, ti) gz — N [Dz x(t,)x(t2) eh ! (4.21) 
Here we have used the identification 
2) = x(t;) 2 = z(t2) (4.22) 


Similarly, we note that for t2 > t;, we can write 
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¢ 
a 


H(z, ts|Xq(t2)X (ty) |zi, ti) 9 
= [dz,dz, H(r;,t¢|Xy(t2)|z2, te) z 


#22, to|X x(t) |21, t1) 9 2 (21, ty |2i, ti) # 


N [ Dz x(t))2(t,) eh asl (4.23) 


In the last step, we have used the fact that factors in the integrand 
such as z(t;) and z(t) are classical quantities and, therefore, their 


product is commutative. 


Thus, we see from Eqs. (4.21) and (4.23) that the path 
integral naturally gives the time ordered correlation functions as the 


moments 


Sz] 


(4.24) 


i 
w(xs,t;|T(Xu(t)Xa(te))|zi,ti)a = N f Dz 2(ts)2(t2) eh 
where the time ordering can be explicitly represented as 


T(Xx(ti)Xx(t2)) 


= 6(t, — t2)Xq(t,)Xg(tz) + O(t2 — t)Xu(te)Xw(t1) (4-25) 
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In fact, it is obvious now that the time ordered product of 
_ any set of operators leads to correlation functions in the path integral 


formalism as 


a (ast s|T(O1(Xa(t1)) --*On(Xu(tn))) lis ti) a 


= N [ DzO,(z(t1))-+- On(2(t,) eb 


(4.26) 
Furthermore, the beauty of the path integrals lies in the fact that all 
the factors on the right hand side are c-numbers (classical quantities). 


There are no operators any more. 


4.3 Correlation Functions In Definite States 


So far, we have calculated the transition amplitude be- 
tween two coordinate states. In physical applications, however, we 
are often interested in transitions between physical states. Namely, 
we would like to know the probability amplitude for a system in a 
state |1);) at time ¢; to make a transition to a state |W) q at time ty. 
This is what the S-matrix elements are supposed to give. Let us note 


that by definition, this transition amplitude is given by 
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Hw si) w 
=f dasdzi u(bylay, ty) x(xy,tslei, tin (xi, tilda) a 


1 
= N [ dz;dz; V7(zs,ts)¥i(zi,t,) [ De ae (4.27) 


Here we have used the usual definition of the wavefunction. Namely, 


#(z, tl) gz = ¥(z,t) 


Following our discussion earlier (see Eq. (4.26)), we see that the time 
ordered correlation functions between such physical states can also be 


written as 


(Ws|T(O1(Xa(t1)) ++ On(Xa(tn)))|Yide (4.28) 
2 

+ 5[z] 

= N fdz;dz; prays, ty) Pil ai, ti) [Dz0,(2(t1)) ->+On(2(tn) eh 
In dealing with physical systems, we are often interested in calculating 


expectation values. This is simply obtained by noting that 


A (PIT (O1(Xa(ti)) +: On(Xa(tn))) veda (4.29) 


2a. 
= Nfld yds pt(2y,ty)vuleets) [D20,(2(t))---On(e(t))en 
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Since the states need not necessarily be normalized, we obtain the 


expectation value to be 


(T(O1(Xu(ti)) ++ On(Xu(tn)))) 


__ lal (Ou(Xu(ts)) On Xnltn))) Ida ee 
a(wil vi) x 
~ S{z] 


~ S[z] 
Sda pdx; pi (zz, t;)Wi(xi, ti) [Dz eh 
Note that the normalization constant N has cancelled out in the ratio 
and it is for this reason that we do not often worry about the explicit 
form of the normalization constant. In most field theoretic questions 
one is primarily interested in calculating the expectation values of time 
ordered products in the ground state and, consequently, one tends to 


be sloppy about this factor in such cases. 


From now on, let us suppress, for convenience, the sub- 
script H signifying the description in the Heisenberg picture. Let us 
next note that we can generate the various correlation functions in 
a simple way in the path integral formalism by adding appropriate 


external sources. Thus, if we define a modified action of the form 


S{a, J] = S[x|] + J dt x(t) J(t) (4.31) 


then, clearly, 
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¢ 
a 


Sy 0] = Sa] 


where S{z] defines the dynamics of the system. Let us further define 


| San 
(wildi)s = N [ dz;dz, Wi (ay, ty)¥i(zi ti) [ Dz a J] (4.32) 


Clearly, then, 


S\z 
ae: | 


2 
N f desdz;¥3 (xy, t,)¥i(zi,ti) [ De eh 
(Wil:) (4.33) 


It is clear now from Eqs. (4.31) and (4.32) that (t; > t; > ti) 


5(pi\Wi)z 


a 


6 I(t) 


1 
| 6S[z, J] = Slz, J] 
N [ dz;dz; Ui (x4, ty)¥i(zi,ti) [ Des eI eh 


a 
EER J] 


= N f desde; i(z7,t,)¥ilzi,ti) [ Dz Fa(th) (4.34) 


It follows, therefore, that ° 
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S(wWildi)s 
6 (ti) 


J=0 
i £ sts} 
= N [ dx,jdz; Ui(x4,ts)bi(xi,ti) [Dz prtier 
= E(WilX (4) Iv) | | (4.35) 


where we have used the relation in Eq. (4.29). Similarly, we have for 
tp 2 ti, 2b 


5? (wi\vi)s 
§J(t1)6J(t2)| 79 


N [ dxydz; vi (zz, ty) i(xi, ti) 


lI 


6S[x, J] 6S[x, J] * siz, J] 
[De (*) 6J(t;) 6J(t2) as 
=O 


N f dxsde;}(xz,ts)¥i(vi, ti) [ Dz (2) etepeteen 


= (5) (wlr(x(e) x (ey) 14s) (4.36) 


In general, it is quite straightforward to show that 


6” aa 
bJ(t 


1) I (try (j) (waren (t1)-+-X(tn))[bi) (4.37) 
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Consequently, we can write 


(T(X (ti) ++» X(tn))) 
_ (bil T(X (th) - +X (ta) Is) 
(bili) 
(—ih)” — d"(pilvi)s 
(pilpi)s 5 (ti) --- dF (tn) zo 


= (4.38) 
It is for this reason that (y,|~i); is also known as the generating 


functional for the time ordered correlation functions. 


4.4 Vacuum Functional 


An object of great interest in quantum theories is the 
vacuum to vacuum transition amplitude in the presence of an external 
source. The simplest way to obtain this is to go back to the transition 
amplitude in the coordinate space. 

‘s{z, J 
—S|z 
(x,,tslzi,ti)s = N [ Dzeh , 

1 1 pty 

—Slz]) +=] dt J(t)zr(t 
ey {pach ve at) (4.39) 
It is clear from our earlier discussion in Eq. (4.26) that we can also 


think of this quantity as the matrix element of the operator 
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. 
oon J] 
(aetie.t)\y = N [De eh 
i 


fetter &XOTO 


Viz, t;) (4.40) 


Let us next take the limit 
t; 4 —0o tf — oo 


That is, let us calculate the amplitude for the system to make a tran- 
sition from the coordinate state in the infinite past labelled by the 
coordinate x; to the coordinate state in the infinite future labelled by 
xf in the presence of an external source which switches on adiabati- 
cally. We will consider this limit by assuming that the external source 
is nonzero within a large but finite interval of time. That is, let us 


assume that 
Ji) =@ fore) 7 (4.41) 


and we will take the limit t — 00 at the end. In such a case, we can 


write 


1 poo 
; = dt(L(z,2 J 
im (zy, ty|x;, t:)y = N [Dz lee es 2 (4.42) 


ty—00 
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Alternately, we can write from Eq. (4.40) 


td 
a 


i ae 
. a * Paty 
lim Aer tylestis = jim, lim (x,,é/|T(eh = )|ai, ti) 


ty—+00 : ty—+00 


(4.43) 


Let us further assume that the ground state energy of our 


Hamiltonian is normalized to zero so that 


H|0) 
H|n) 


0 
E,|n) BESO (4.44) 


(We wish to point out here that in a relativistic field theory, Lorentz 
invariance requires 


P,|0) = 0 


which leads to a vanishing ground state energy. In quantum mechan- 
ics, however, the ground state energy does not vanish in general and 
in such a case, the asymptotic limits are not well defined and the 
derivation becomes involved. We, therefore, choose a derivation par- 
allel to that of a relativistic quantum field theory and assume that the 
ground state energy is zero.) Although for simplicity of discussion we 
have assumed the energy eigenstates to be discrete, it is not essential 
for our arguments. Introducing complete sets of energy eigenstates 


into the transition amplitude, we obtain 
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um Para RRA 
ae ae 
— DE 
= im lim ten tyinnit(eh )|m)(m|z;, ti) 


T—100 ¢. ee 
ae 


— Ht; 
Res . ° h 
= Jim tim, S>(eyle F'n) 
tp—00 


den ees (4.45) 


where we have used Eqs. (1.42) and (4.44). In the limit t; 4 —oo and 
ts — co , the the exponentials oscillate out to | zeTO ere for the a 
mia Imaginary time axis (Euclidean space in the case of field theories). 


Thus, in this asymptotic limit, we obtain 
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a 


im (ey, tp|ei, ti) 


ty—+00 


tim (x loy(olr (eh -r 9% joyce, 


= (2/Joyolny (orien Han * yo (4.46) 
Consequently, we can write 
(O[T(eh Font IX 0) tim (@estslentds (447) 


ieee (z710)(0la) 


The left hand side is independent of the end points and, therefore, 
the right hand side must also be independent of the end points. Fur- 
thermore, the right hand side has the structure of a path integral and 
we can write Eq. (4.47) also as 


hae )|0) = (00); = N f Dreh aaa (4.48) 


without the end point constraints and with 
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See JL “ dt (L(z,z) + Jz) 


Let us note that if we define 
1 


Zio —.0|0)7 = N [Deehot) 


(4.49) 


then, it follows from Eq. (4.38) that 


(—ih)” = 8" Z [J] 


aaa SIG) Se (T(X(t1)---X(tn))) (4.50) 


v—0 


Namely, Z[J] generates time ordered correlation functions or the 
Greens functions in the vacuum. If one knows all the vacuum Greens 
functions, one can construct the S-matrix of the theory and, therefore, 
solve the theory. In quantum field theory, therefore, these correlation 
functions or the vacuum Greens functions play a central role. Z [J] 
is correspondingly known as the vacuum functional or the generating 


functional for vacuum Greens functions. 


In quantum mechanics, we are often interested in various 
statistical deviations from the mean values. This can be obtained in 


the path integral formalism in the following way. Let us define 


Z[J| = atl 
or, W[J] = -ih nZ[J] (4.51) 
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a 


We have already seen in the case of the free particle as well as the har- 
monic oscillator that the path integral for the transition amplitude is 
proportional to the exponential of the classical action (see Eqs. (2.54) 
and (3.28)). It is for this reason that W[J] is also called an effective 


action. Let us note that by definition 


sw] 
6I(t1) 


1 6Z{J] 


= (“777 aT (ts) 


= (X(t) (4.52) 


a=0 J=0 


where (---) stands for the vacuum expectation value from now on. 


Next, note that 


OWI] 
(9) 5708) 5 I(t) 


J=0 


eo i 
= (-ih) (anata Z2[ J] 6 J (ts) 6J(t2) 


(T(X (t1) X (t2))) — (X (ta) )(X (t2)) 


(T ((X (tx) = (X (t1)))(X (#2) — (X(42))))) (4.53) 


J=0 


We recognize this to be the second order deviation from the mean and 


we note that we can similarly, obtain 
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SWI] 


(age 5J (ty)6J (t2)5J (ts) 


wee. 6Z{J] 21 Sez) 
= (-th) Gara ~ ZU Jb I (t1)6I (tz) 65 (ts) 


SZ) “SZ ez eee 
~ ZT] 6I(t3)bI(t1) b(t)  Z?{J] bI(t2)6J (ts) 65 (tr) 


ya VARIN VARA aw 
Z36J (ty) 6) (tz) 63 (ts) 


= (T (X (ti) X (t2)X (ts))) — (T (X (tr) X (t2)))(% (ts) 
—(T (X (ts) (t1)))(X (t2)) — (T (X (ta) X (és)))(X (ta) 
+2(X (t1))(X (t2))(X (ts)) (4.54) 


= (T ((X (ts) ~ (X(t1)))(¥ (t2) — (X (t2)))(X (ts) — (X(t8))))) 


J=0 


We can go on and the expressions start to take a more complicated 
form starting with the fourth functional derivative of the effective 
action W[J|. However, W[J] can still be shown to generate various 
statistical deviations and their moments. In quantum field theory, 
W [J] is known as the generating functional for the connected vacuum 


Greens functions. 


Let us next go back to the example of the harmonic os- 


cillator which we have studied in some detail. In this case, we have 
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Z(a{ = N [De oc zi 


where 


See at(; mz 2 — muta 7+ Jz) (4.55) 


Obviously, in this case, we have 


ne 1 6a) 
(A) ZAM) a 


S{z] 
= eee = iDesth yeh =0 (4.56) 


S[z] 


(X(t1)) 


\| 


as: 


This vanishes because the integrand in the numerator is odd. There- 
fore, for the harmonic oscillator, we obtain from Eqs. (4.50) and (4.53) 
that 


(T(X(t1)X (t2))) = (18? Sa 


. SW{dJ] 
id 6F(t1)5J(t2) |; <5 


(4.57) - 


Let us also note that because the action for the harmonic oscillator is 


quadratic in the variables, we can write 
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(Ge? - me + Jz) 


Zhe Hipalet (4.58) 


dt(a(t\ 5 — +w? — ie}r(t) — = J(t)2(t)) 


= lim N f Dre Files 


e—0 


Let us recall that (see Eq. (3.76)) 


a 
lim (sa to — ie)Gr(t — t') = —8(t — t’) 


Using this, we can define 
- 1 co 
#(t) = 2(t) +— [eat Gr(t - t) I(t’) (4.59) 


and the generating functional will then take the form 


lim N | Die ie ie xy te? — ie) z(t) 


e— 0+ 


Z{J] 


. “ie [fat at's (t)Gr(t - t')J() 


= 24 
3 


d2 
lim N lacuSs +w* — io 


e—+0+ 
; TR ie dt dt' J(t)Gr(t — t')J(t') 


= Zl0)e fim [fat dt! J(t)G p(t - t') I(t) es 
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We now obtain in a straightforward manner 


67Z\ J i 
ST sam Ortt~ 210 (4.61) 


YF 


Consequently, for the harmonic oscillator, we have (see Eq. (4.57)) 


Al &Z(J] 


(T(X (ti) X (t2))) = (—#h) Z[F] 5F(t)6F (ta) |, - 


= (-ih)’ (-~) Gr(t — t2) = a Galt —t,) (4.62) 


In other words, the two-point time ordered vacuum correlation func- 
tion, in the present case, gives the Feynman Greens function. This is a 
general feature of all quantum mechanical theories, namely, that the 
two-point connected vacuum Greens function is nothing other than 


the Feynman propagator of the theory. 


4.5 Anharmonic Oscillator 


Just as there are a handful of quantum mechanical prob- 
lems which can be solved analytically, similarly, there are only a few 
path integrals that can be exactly evaluated. (Fortunately, there is 
a one to one correspondence between the quantum mechanical prob- 


lems that can be analytically solved and the path integrals that can 
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be exactly evaluated.) The Gaussian (recall the free particle and the 
harmonic oscillator) is the simplest of the path integrals which can be 
exactly evaluated. However, we also know that if we perturb the har- 
monic oscillator even slightly by an additional potential, say a quartic 
potential, the problem cannot be analytically solved. In other words, 


the quantum mechanical system corresponding to the Lagrangian 


i smi? - ama? - Aa! A>0 (4.63) 
is impossible to solve exactly even when \ < 1. In such a case, we, of 
course, use perturbation theory and calculate corrections to the un- 
perturbed system in a power series in \. In the Feynman path integral 
approach, the manifestation of this lies in the fact that the path in- 
tegral corresponding to the Lagrangian for this anharmonic oscillator 
cannot be evaluated exactly and has to be calculated perturbatively 
in the following way. Let us introduce an external source and write 
the vacuum functional for this theory as 


Z(J|=N [De ied 


ees a 1 d 
Pa At an 22 eee 
= n [Daehn Oia teliameer We 2) 


If we write 


Ste, J] = Sole, J] - [™ at tat (4.65) 
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where 


Doe | = ihe dt ( sma? = smu? z* + Jr) (4.66) 


is the action for the harmonic oscillator in the presence of a source, 


then we note that 


= .67 
eee (4.67) 
In other words, operationally we can identify 
pea) (4.68) 
es A 
Tt) 


when this acts on So[z, J]. Now, we can use this identification to write 


1 
dtz*  —So[z,J 
Z{J] = Nf{[Dz(e we i von ie 


ae 
= N [Dz (e 4h iad 0 2 J] 


hh ; 5) 


= (e thle aT) Zn) (4.69) 


where Zo{J] is the vacuum functional for the harmonic oscillator in- 
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teracting with an external source. We have already seen in Eq. (4.60) 
that it has the form 


a 


[[a¢ at" I(t')Gr(t' — t") I(t") 


Zo[J] = Zo[0] e 2hm (4.70) 
Substituting this back then, we obtain 
i poo <6 
21a) = nfo fe Ln 
~s = i 4 dt' dt" J(t')Gp(t' — t") I(t") ati 


It is clear that if X is small, i.e., for weak coupling, we can Taylor 
expand the first exponential and we will be able to obtain the vacuum 
functional as a power series in 4. Consequently, all the vacuum Greens 
functions can also be calculated perturbatively. This is perturbation 


theory in the framework of Feynman’s path integral. 
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Chapter 5 


Path Integrals for Fermions 


5.1 Fermionic Oscillator 


As we know, there are two kinds of particles in nature, 
namely, bosons and fermions. They are described by quantum me- 
chanical operators with very different properties. The operators de- 
scribing bosons, for example, obey commutation relations whereas 
the fermionic operators (i.e., operators describing fermions) satisfy 
anti-commutation relations. As a preparation for such systems, let us 


study a prototype example, namely, the fermionic oscillator. 


There are many ways to introduce the fermionic oscilla- 
tor. Let us discuss one that is the most intuitive. Let us recall that 


the bosonic harmonic oscillator in one dimension with a natural fre- 
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quency w has a Hamiltonian which, written in terms of creation and 


annihilation operators, takes the form 
Hp = (ah (5.1) 
B= 5 (@nan + apap) 


Here, for simplicity, we are assuming that h = 1. The creation and 
the annihilation operators are supposed to satisfy the commutation 


relations 
(ap, a}| =1 (5.2) 


with all others vanishing. The symmetric structure of the Hamilto- 
nian, in this case, is a reflection of the fact that we are dealing with 
Bose particles and, consequently, the states must have a symmetric 


form. 


Fermionic systems, on the other hand, have an inherent 
antisymmetry. Therefore, let us try a Hamiltonian for a fermionic 


oscillator with frequency w of the form 


Hr = 5 (abar ~ ara) (5.3) 


If ar and a), were to satisfy commutation relations like the Bose os- 


cillator, namely, if we had 
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[ar, ay] = 1 (5.4) 
with all others vanishing, then using this, we can rewrite the fermionic 


Hamiltonian in Eq. (5.3) to be 


w Ww . 

Ape 3 (arar _ (ata + 1)) = sy (5.5) 
In other words, in such a case, there would be no dynamics asso- 
ciated with the Hamiltonian. Let us assume, therefore, that the 
fermionic operators ap and ae satisfy, instead, anti-commutation re- 


lations. Namely, let 


(ar,arl, = at+02,= 202, = 


[ay,arls = (ap)? + (ap)” = 2(ap) =0 


[ep,al], = ara, t+abap =1=(ab,ar], (5.6) 
In contrast to the commutators, therefore, the anti-commutators are 


by definition symmetric. 


An immediate consequence of the anti-commutation rela- 
tions in Eq. (5.6) is that in such a system, the particles must obey 
Fermi-Dirac statistics. To see this, let us note that if we identify the 
operators apr and al, with the annihilation and creation operators for 


such a system, then we can define a number operator as usual as 
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Nr = alar (5.7) 
From the anti-commutation relations in Eq. (5.6) we note that 


N? al.arabar 


by 
II 


al(1 — alar)ar 


= alar = Nr 


or, Np (Nr —1) =0 (5.8) 


Therefore, the eigenvalues of the number operator can only be zero 
or one. This is the reflection of the Pauli principle or the Fermi 
statistics, namely, that we can at the most have one fermion in a given 
quantum state. Thus, we see that the anti-commutation relations are 


the natural choice for a fermionic system. 


Given this, then, let us rewrite the Hamiltonian for the 


fermionic oscillator in Eq. (5.3) as 
wW 
Hr = 5(apar — (1 — @par)) 
et 1 1 
= w(apar — 9) = w(Nr - 3) (5.9) 


Furthermore, the commutation relations between ar, al, and Nr can 


now be calculated in a straightforward manner. 
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[ar, Nr] 


[a., Ne] 


[ar, alar} = [ar, at j.ar = ar 


[a},apar] = —aflap,arl4=-ap (5.10) 


Consequently, if we assume an eigenstate of Nr to be denoted by |n ay 


we have 


Np|nr) = Np|np) (5.11) 
with np = 0,1. The ground state with no quantum is denoted by |0) 


and satisfies 


Nr|0) 


0 
H|0) = 


u(Np - 5)10) = - 0) (5.12) 


Similarly, the state with one quantum is denoted by |1) and satisfies 


Np|1) 
Hp|1) 


mo 
w(Ne - 5)I1) = =I1) (5.13) 


The ground state is annihilated by ar and we have 


ll 
So 


ap|0) 
a'p|0) 


Il 
= 
— 


(5.14) 
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It is clear from the anti-commutation relations in Eq. (5.6) that 
al|1) = abal|o) = 0 (5.15) 


Therefore, the Hilbert space, in this case, is two dimensional and we 
note here that the ground state energy has the opposite sign from the 


ground state energy of a bosonic oscillator. 


5.2 Grassmann Variables 


Since fermions have no classical analogue, we cannot di- 
rectly write down a Lagrangian for the fermionic oscillator with the 
usual notions of coordinates and momenta. Obviously, we need the no- 
tion of anti-commuting classical variables. Such variables have been 
well studied in mathematics and go under the name of Grassmann 
variables. As one can readily imagine, they have very uncommon 
properties and let us note only some of these properties which we will 
need for our discussions. For example, if 6;,i = 1,2,---,n, defines a 


set of Grassmann variables (classical), then they satisfy 
0074-60, — 1,3 =1,2,---,n (5.16) 


This, in particular, implies that for any given 7, 
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6? = 0 ,i not summed (5.17) 


In other words, the Grassmann variables are nilpotent. This has the 
immediate consequence that if f(@) is a function of only one Grass- 


mann variable, then it has the simple Taylor expansion 
f(9) =a+b0 (5.18) 


Since 6,’s are anti-commuting, the derivatives have to be 
defined carefully in the sense that the direction in which the deriva- 
tives operate must be specified. Thus, for example, a right derivative 


for Grassmann variables would give 


re) 06 06; 
pop 2) = 2s iad ¥ - Oe = 5:8; — 5:59 (5.19) 


whereas a left derivative would give 


O 06; 06 
36. (0;6;) = (52) 0, — 0; (sr) = 5:30. — O46; (5.20) 


Thus, the sense of the derivative is crucial and in all our discussions, 


we will use left derivatives. 


‘ Let us note that like the Grassmann variables, the deriva- 


tives with respect to these variables also anti-commute. Namely, 
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Om 0.90 
— =~ + ~~ =0 5.21 
30,00, * 00; 00, (oz) 
These derivatives, in fact, behave quite like the exterior derivatives in 


differential geometry. We note in particular that for a fixed 2 


al =) (5.22) 


In other words, the derivatives, in this case, are nilpotent just like 
the variables themselves. Furthermore, the conventional commutation 
relation between dervatives and coordinates now takes the form 
nb) the uft olor tyattve F P 
gn this Pe yicht Lag, 8l+ = 99,95 + 9156, = 5 (5.23) 
The notion of integration can also be generalized to Grass- 
mann variables. Denoting by D the operation of differentiation with 
respect to one Grassmann variable and by I the operation of integra- 


tion, we note that these must satisfy the relations 


ID =0 
DI = 0 (5.24) 


o 


Namely, the integral of a total derivative must vanish if we ignore 


surface terms and furthermore, an integral, being independent of the 
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variable must give zero upon differentiation. Note that since dif- 
ferentiation with respect to a Grassmannn variable is nilpotent (see 
Eq. (5.22)), it satisfies the above properties and hence for Grassmann 
variables integration can be naturally identified with differentiation. 


Namely, in this case, we have 
I=D (5.25) 


Thus, for a function of a single Grassmann variable, we have 


_ OF (9) 
[40 f(8) = lade | (5.26) 


This immediately leads to the fundamental result that for Grassmann 


variables 


Il 
a) 


[a9 


[90 


ll 
_— 


(5.27) 


This is an essential difference between ordinary variables and Grass- 


mann variables and has far reaching consequences. 


An immediate consequence of the definition of the integral 


in Eq. (5.26) is that if we redefine the variable of integration as 


Gad a#0 (5.28) 
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then, we obtain 


g' 
Of(=) ! 
[49 (6) = “ae =a =a fad’ f=) (5.29) 


But this is precisely the opposite of what happens for ordinary vari- 
ables. Namely, we note that the Jacobian in the case of redefinition 
of Grassmann variables is the inverse of what one would naively ex- 
pect for ordinary variables. This result can be easily generalized to 
integrations involving many Grassmann variables and it can be shown 


that if 


6: = a;;9; (5.30) 


with det a;; # 0 and repeated indices being summed, then 
[TI 40; £(9:) = (det a;;) [ TI 46; F(a5;165) (5.31) 
i=l i=l 


We can also define a delta function in the space of Grass- 


mann variables as 
6(8) = 0 (5.32) 


That this satisfies all the properties of the delta function can be easily 
seen by noting that 
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[do 6(0) = [doe=1 (5.33) 


which follows from Eq. (5.27). In addition, if 


f(0) =a+b0 
co ie sete = £). 
[465(6) f(@) = [466 f(9) = [ 40.6(a + 68) 
= il d0 6a = a =a= f(0) (5.34) 


Here we have used the nilpotency of the Grassmann variables. Fur- 
thermore, consistent with the rule for change of variables for the 


Grassmann variables, if 


g(9) = a0 


then, we obtain 


Og(9 
6(g(@)) = a0 = a6(6) = a (5.35) 
where g(0) is assumed to be Grassmann odd. An integral representa- 


tion for the delta function can be obtained simply by noting that if ¢ 


is also a Grassmann variable, then 
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facets? = fac +i¢a) 


) yeh... ae 
acl + i¢8) = 10 = 16(6) 


(5.36) 


Let us next evaluate the basic Gaussian integral for Grass- 


mann variables. Let us consider two sets of independent Grassmann 


variables, namely, (6;,42,---,6,) and (6{,93,---,9%) and analyze the 


integral 
I= f [1.407 do, e~ (8 Mis; + 78: + Bic) 
i 


(5.37) 


where we are assuming that c; and c! are independent Grassmann 


variables. Furthermore, the convention for summation over repeated 


indices is always assumed. Note that if we make the change of vari- 


ables (we are assuming that M~! exists) 


G = My6;+¢; 
or, 6 = Mj;'(6; —<;) 


and 


OF = OF + cM; 


then, we obtain using Eqs. (5.31), (5.38) and (5.39) that 


(5.38) 


(5.39) 
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he 
II 


[ T49; a9; oe (9; (Mij8; + es) + €7i) 
ij 


det Mi; [ [497 doe 6; +c} M5"(85 — ¢;)) 
tj 


det Mi [ T.d6t doy e (8 + Min) — cf Mis'es) 
a 


’ = a * Si. 
det M,; [ T] 48%" do’, e~® 6; + 7 Me; 
aj 


* —1 
N det M,; ei Mi ¢ | (5.40) 


Here N is a constant and we note that the Gaussian integral in the case 
of Grassmann variables has the same form as the integral for ordinary 
variables except for the positive power of the determinant. This leads 
to an essential difference between quantum mechanical bosonic and 


fermionic theories. 


5.3 Generating Functional 


With all this background on Grassmann variables, we can 
now ask whether it is possible to write a Lagrangian for the fermionic 


oscillator. Indeed, let us consider the Lagrangian 


L = 5 (o9 - ¥¥) - 510.4) (5.41) 


nNle 
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where w and w are two independent Grassmann variables. Quite often 
one eliminates a total derivative to write an equivalent Lagrangian also 


as 


L = ib) ~ 5{0,¥) (5.42) 


We will, however, continue with the first form of the Lagrangian, 
namely, Eq. (5.41). This is a first order Lagrangian and one can 
define canonical conjugate momenta associated with the Grassmann 


variables 7 and w as usual 


OL i= 
II = ar SS 
¥ ap 5¥ 
OL i 
Ty = —=-= 5.43 
aaa 5” (5.43) 


With the convention of left derivatives, the proper definition of the 
Hamiltonian (which is only a function of coordinates and momenta 


and which also leads to the correct dynamical equations of motion) is 
H = ¢lly+ ll, ae 
= 300 — jv — (bd - dy) + S08 ¥) 
= 506d — Wy) ~ Fd — dv) + S060 
= {oy (5.44) 
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It is clear, therefore, that this simple Lagrangian will yield the Hamil- 


tonian of Eq. (5.3) for the férmionic oscillator if we identify 


y = af 


y = al (5.45) 


With this identification of 7 and y with the annihilation 
and the creation operators respectively, the Hermiticity properties for 


these variables now follow. Namely, we note that 


p= 4% 


We also note that with this convention, the number operator defined 


as 


Ny = afar = py (5.47) 
is Hermitian since 
NE = (dp)! = ptdt = by (5.48) 


Since Grassmann variables have no classical analogue, even when we 


are dealing with the reality questions of ordinary Grassmann variables 
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(not operators), we follow the above prescription in defining complex 
conjugation. Namely, we define for any pair of Grassmann variables 


7 and yx, 


(nx) =x°n" (5.49) 


In other words, even classically, we continue to treat Grassmann vari- 
ables like operators. This is the only way a consistent transition is 


possible from a classical to a quantum Lagrangian involving fermions. 


With this prescription, let us note that the Lagrangian for 


the fermionic oscillator given in Eq. (5.41) is Hermitian (real). 


Li 


(5 (i - dy) - $1, vl) 

= 5 (itot — yb) -— Syl, dl 

= -i(bv - di) - $10.) 

= ii - Wy) - S04) 

L (5.50) 


I 


With this, then, we can write the vacuum functional for the fermionic 


oscillator as 


. 


i. 
Zin =(O)yg=N[DEDveR MYM — (5.53) 
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where we have denoted the sources for w and 1 by # and 7 respectively. 


The complete action for thé oscillator, in this case, has the form 


Sib, ¥,n, 7] = Sib, 0] + [~ at (ay + Hn) (5.52) 


with 
Sv, G] = [att = fat(S@b—dy)-Sid,v)) (6.53) 


Oncé again, we will assume the Hermiticity conditions for the sources 


similar to the ones given in Kq. (5.46), namely, 


in order that the complete action in Eq. (5.52) is Hermitian. 


Just as an ordinary derivative with respect to a Grassmann 
variable is directional, similarly, there are right and left functional 
derivatives with respect to fermionic variables. The definition of the 


functional derivative is still the same as given in Eq. (1.14), namely, 


6F (v(t) _ 5, F (w(t) + <6(t- ¢) — F(v() 


Fu(t! = lm : (5.55) 
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However, since € is now a Grassmann variable, the position of ein 
the expression defines the direction of the derivative. (Incidentally, 
one can think of e~! simply as 2. Secondly, we note here that for 
polynomial functionals, the limit « — 0 is redundant since e? = 0 and 
the highest power of € in the expansion of the functional is linear.) 


Thus, a left functional derivative corresponds to defining 


ae = lim €7" [F (p(t) + €6(t — t')) — F (¥(2))] (5.56) 


whereas a right functional derivative would be defined as 


bF (¥(t)) _ aif tian a 
suey a ) teae ener)) (5.57) 


As we have mentioned earlier, we will always work with left derivatives 


even when dealing with functionals involving fermionic variables. 


5.4 Feynman Propagator 


Let us next go back to the Lagrangian in Eq. (5.41) for 
the fermionic oscillator and note that when fermions are involved, we 
essentially have a matrix structure. This is another reflection of the 
fact that the Grassmann variables inherently behave like operators. 


Let us define the following two component matrices. 
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eI 
I 


oo) 


® 


Here o3 denotes the Pauli 


We note, then, that 


eee! 
Vo: iY 


Il 


119 


7-7 


re 


Ola; = (5.58) 


matrix, namely, 
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il 
a 
& 

| 
= 
& 

Il 
eS 
= 


(5.59) 


if 
ee 
3 
ae 
= 
It 
@ 
— 


where we have used the anticommuting properties of the Grassmann 


variables. 


It is now straightforward to show that the action for the 


fermionic oscillator in Eq. (5.52) can be written as 


co 1 = d Ws = 
S = [ dt(=You ry — 5 ¥¥ + Ov) 
Sle 2 
= ee dt( (ios ~w)¥ + OW) (5.60) 


We note here that, using Eq. (5.59), we could have written the source 


term also as 
[at ve 


In other words, © and © are not really independent and, therefore, 


we can write the vacuum functional as (h=1) 
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Z2[0] = N [Dwe'S 


00 ie d = 
dt(~V(io3— —w)¥ + OV 
= N{[DY e a pe age OE) (5.61) 
We know that we can evaluate the generating functional if we know 


the Greens function associated with the operator in the quadratic 


term in the exponent (see Eq. (5.40)). Let us, therefore, study the 


equation 
act ' ! 
(i035 —w)G(t —t') = 6(t-t) (5.62) 


This is clearly a matrix equation and it can be solved easily in the 


momentum space. Thus, we define 


G(t-t') = [ ee) okt at) 
Hee = os [dhe ARE ~ #) (5.63) 


where G (k) is a matrix in the Fourier transformed space. Substituting 


these expressions back into Eq. (5.62), we obtain 
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saeloak — w)G(k) = 5 
or, Ghia = = 
= a et (5.64) 
Consequently, the Greens function in Eq. (5.62) has the form 
G(t-t') = [ Fea G(k)e e—tk(t — t/) 
2 alle dk wet ee —ik(t —t') (5.65) 


The singularity structure of the integrand is obvious and 
the Feynman prescription, in this case, will lead to the propagator 
(see Eq. (3.75)) 


=) = tim — fap ike =) 
A a an | k2—w? + in © 
= lim re hres (5.66) 
n—0+ 27 = (Ga 
2w 


This can also be written in the alternate form 


1 il . ' 
Gat=t) =a Se et) 
ee) 0+ ay | ee eee (5.67) 
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and satisfies the equation (see Eq. (3.76)) 


d 
Am (ios7 —w + ie)Gp(t — t') = 6(t —- t’) (5.68) 


This defines the Feynman propagator in the present case. 


Going back to the vacuum functional, we note that we can 


write 


FAC) 


1. a 
dt(=U(io,— — v+6¥ 
= lim N/[DWe' ) ear its) WO) (5.69) 


Therefore, the 1-point function can be obtained to be 


OR) ead 
— | dt Viio3— —w + ie) 
lim N [ DY (iV (ty)) al or 


0 (5.70) 


This is because the integrand in Eq. (5.70) is odd under 


very t= -¥ (5.71) 
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Similarly, we can obtain from Eq. (5.69) 


Thus, we see that if we write 


z(o] = WO] (5.73) 
then, in this case, 


&w{[e] 
(-) 55 04,)50(t) 9=6=0 
— -\2 1 6*2(0] 
= (9) Fie] 56(t)60(t) 


e=6=0 


= —(T (Y(t) ¥(t2))) (5.74) 


(Compare this with Eq. (4.57) for h = 1.) Incidentally, time ordering, 


in the case of fermionic variables, is defined as 
i (Y(t1) ¥(t2)) = O(t; — tz) V(t,) (tz) — O(t2 — t1)U(t2)W(t1) (5.75) 


The relative negative sign between the two terms in Kq. (5.75) arises 
from the change in the order of the fermionic variables, which anticom- 


mute, in the second term. Going back to the vacuum functional, we 
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note that since the exponent is quadratic in the variables (namely, it 


is a Gaussian integral), it can be explicitly evaluated using Eq. (5.40) 
to be 


Z(0] 
ce ma I dt dt, O(t;)Gp(t, — t2)O(t2) 
= Zld}e -5 [f atdt, © (t:)G p(t; — tz) @(tz) a 


where Z[(0] represents the value of the functional in the absence of 


sources. It is obvious now that 


6°20] ant 
TBE VSO) o_o, 7 Crt ~ &) 210 (5.7) 
Therefore, we have, using Eq. (5.74) 
(T (U(t1)¥(t2))) 
1 . &Z[0] 


=e "70 60(t,)5O(t2) @=6=0 
= —(- i)? “a iG F(t, — t,)Z(0] 
= iGp(t — t2) oe 
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This again shows (see Eq. (4.62)) that the time ordered two-point cor- 
relation function in the vacuum gives the Feynman Greens function. 
As we have argued earlier, this is a general feature of all quantum 


theories. 


5.5 The Fermion Determinant 


The fermion action following from Eq. (5.41) or Eq. (5.42) 
is quadratic in the dynamical variables just like the action of the 
bosonic oscillator in Eq. (3.2). Therefore, the generating functional 
can be easily evaluated. In this section, we will evaluate the gener- 
ating functional for the fermions in the absence of any sources. For 
simplicity, let us take the dynamical Lagrangian of Eq. (5.42). Then, 
we can write the generating functional, in the absence of sources, to 
be 


Z[0] = N [DpDy Sly, ¥] 


if dt (idy — why) 


N [ DpDye (5.79) 


5.5. THE FERMION DETERMINANT 127 


Here we have used the anti-commuting properties of the Grassmann 
variables to rewrite the commutator of the fermionic variables in a 
simpler form. The constant N, representing the normalization of the 
path integral measure is arbitrary at this point and would be appro- 


priately chosen later. We can once again define 


tp—t;— 7 


as the time interval and translate the time coordinate to write the 


generating functional of Eq. (5.79) also as 


ee ae 
Z(0| = N [ DgDy ail, SR aa) (5.80) 


To evaluate the path integral, we should discretize the 
time interval as in Eq. (2.18). Thus, defining the intermediate time 


points to be 


tne n=1,2,---,N-1 


where the infinitesimal interval is defined to be 
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we can write the path integral to be 


2Z(0] = lim N f dpy---dibny-sdyr +» -dby-1 


N—0o 
ie (Pa P) — why PA PE)) 
xe n=l (5.81) 


Here we have used the mid-point prescription of Weyl ordering as 
discussed in Eqs. (2.17) and (2.21) alongwith the earlier observation 


that the variable ~ represents the momentum conjugate to 7. 


The exponent in Eq. (5.81) can be written out in detail as 


N= iew 


Bits Wee >) Pate ae bw (5.82) 


i= 


n=2 


N-1 ae ed 
=k, il 2 Babn-1 - -(1- )brve —(1- enn 1 


Thus, defining (N — 1) component matrices 
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129 
( v 
y=] ™ 
bn-1 
Vr 
p=] ” 
Yn-1 
vo 
0 
0 
d= -1-%) i (5.83) 
wn 


we can write the path integral of Eq. (5.81) also as 


—(pt jv rT aR ep 
Ai) = he, lal alla El 


N—0o 


(5.84) 
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where we have defined a (N — 1) x (N — 1) matrix B as 


zx000-- 


p= | (5.85) 
0 yx 0 Bad 


with 


y = -(1- =) (5.86) 


The path integral in Eq. (5.84) can now be easily evaluated 
using Eq. (5.40) and the result is 


(J7BOJ —(1+ ube) 


Z(0] lim N det Be 


N-— co 


(Jv-1Byi yi = (lay 7 bru) an 


lim N detBe 
N00 

The matrix B has a very simple structure and we can easily evaluate 
the detrminant as well as the appropriate element of the inverse matrix 


which have the following forms. 
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detB = a4 = (14 —)*-! 


2 
1EW 
Re et ea) 
=] o NY 
Byiia = (-1) yet ap ey Fi ie (5.88) 


In the continuum limit of « — 0 and N — oo such that Ne = T, the 


path integral, therefore, has the form 


iwT hee . 
Z(0| = N ene ele dubo — ann) 
iwl ca. a 
= Ned ele dyvi — vyty) (5.89) 
Here we have identified 
w=vi w=ry 
p=%i w= Vy (5.90) 


We choose, for simplicity and for future use, the normalization of the 
path integral measure to be N = 1 so that the free fermion path 
integral takes the form 

iwT 


Zloj=e 2 lO Yshi — rvs) (5.91) 
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Chapter 6 


Supersymmetry 


6.1 Supersymmetric Oscillator 


We have seen in Chapters 3 and 5 that a bosonic oscilla- 
tor in one dimension with a natural frequency w is described by the 


Hamiltonian 
Ww 1 
H, = 5 (al,ap + aga) = w(abas + 5) (6.1) 


while a fermionic oscillator with a natural frequency w is described 


by the Hamiltonian 


w il 
1s 5 (aap —aral) = w(abap — 5) (6.2) 


Here we are assuming that fh = 1. (See Eqs. (5.2) and (5.3).) The cre- 
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ation and the annihilation operators for the bosonic oscillator satisfy 


[eoea et (6.3) 


with all others vanishing. For the fermionic oscillator, on the other 
hand, the creation and the annihilation operators satisfy the anticom- 


mutation relations (see Eq. (5.6)) 


[ar,ar], = 0 = la}, ab). 


fap,ai], = 1 (6.4) 


Let us note here (as we have pointed out earlier in chapter 5) that 


the ground state energy for the bosonic oscillator is 3 whereas that 


for the fermionic oscillator is ee 


Let us next consider a system consisting of a bosonic and 
a fermionic oscillator with the same natural frequency w. This is 
known as the supersymmetric oscillator. The Hamiltonian for this 
system follows from Eqs. (6.1) and (6.2) to be 
t 


a fe gel t 
(apap + apag + apap — apa;) 


H=Hs+ Hp 5 


I 


iL i! 
= w(abhaz + 3 as aap = a 


= w(abaz + a'.ap) (6.5) 
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We note from Eq. (6.5) that the constant term in the Hamiltonian for 
this system has cancelled out. If we define the number operators for 


the bosonic and the fermionic oscillators as 


Ng = aap 


Nr = alar (6.6) 
then, we can write the Hamiltonian for the system also as 
H=w(Ng+Np) . (6.7) 


It is clear from Eq. (6.7) that the energy eigenstates of the 
system will be the eigenstates of the number operators Ng and Nr. 


Consequently, let us define 


|ng, nF) = |ng) @ |nF) (6.8) 
where 
Na|ng) = np|np) Rp Uae 
np|np) = nr|np) np >= 0, iE (6.9) 


Here we are using our earlier result in Eq. (5.11) that the eigenvalues 


for the fermionic number operator are 0 or 1 consistent with the Pauli 
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principle while the eigenvalues for the bosonic number operator can 
take any positive semidefinite integer value. From Eqs. (6.7), (6.8) 
and (6.9) we note that the energy eigenvalues for the supersymmetric 


oscillator are given by 


H3|ng, nF) = Ene ate) = w(ng + np)|ng, NF) (6.10) 


with ng = 0,1,2... and nr = 0,1. 


We also note from Eq. (6.10) that the ground state energy 


of the supersymmetric oscillator vanishes, namely, 


Eo,0 = 0 (6.11) 


Incidentally, the ground state is assumed to satisfy 


ap|0) == ap|0) (6.12) 


The vanishing of the ground state energy is a general feature of su- 
persymmetric theories and as we will see shortly it is a consequence 
of the supersymmetry of the system. We also observe from Eq. (6.10) 
that except for the ground state, all other energy eigenstates of the 
system are doubly degenerate. Namely, for ng # 0, the states |ng, 1) 
and |ng + 1,0) have the same energy. The degeneracy in the energy 
value for a bosonic and a fermionic state, as we will see, is again a 


consequence of the supersymmetry of the system. 
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Let us next consider the following two fermionic operators 


in the theory. 


Q = abar 


Q = abag (6.13) 


We can show using the commutation relations in Eqs. (6.3) and (6.4) 


that (The bosonic operators commute with the fermionic ones.) 


[abar, w(abaz + abar)| 


[Q, A] 


w(abla),agjar + ab(ar, ab|,ar) 


w(—alap + abar) 


= 0 (6.14) 

and similarly, 
(Q, H] = [abaz,w(ahas +abar)| =0 (6.15) 
The operators, Q and Q, therefore, define conserved quantities of this 


system (charges) and would correspond to the generators of symme- 


tries in the theory. We also note that 
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[apar, apap], 


[Q, Q\+ 


\\ 


al,[ar,a\|4a5 — ala, 0n)ar 


aap te alar 


II 


= a H (6.16) 
Ww 

Thus, we see from Eqs. (6.14), (6.15) and (6.16) that the 

operators Q, Q and H define an algebra which involves both commu- 
tators and anticommutators. Such an algebra is known as a graded 
Lie algebra and defines the infinitesimal form of the supersymmetric 
transformations. An immediate consequence of the supersymmetry 
algebra is that if the ground state is invariant under supersymmetry 


transformations, namely, if (see Eq. (6.12)) 
Q|0) = 0 = Q|0) (6.17) 
then it follows from Eq. (6.16) that 
(0|H|0) = (0(9Q + QQ|0) = 0 (6.18) 


Namely, the ground state energy in a supersymmetric theory vanishes. 
Furthermore, we note from Eq. (6.13) that Q is really the Hermitian 
conjugate of Q. Consequently, it follows from Eq. (6.16) that in a 
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supersymmetric theory H is really a positive semidefinite operator 
and, therefore, its expectation value in any state must be positive 


semidefinite. 


Let us next analyze the effect of Q and Q on the energy 
eigenstates of the system. We note from the commutation rules of the 


theory that 


[Q,Nz] = [abar,ahas] 
= abla}, aglar 
— ~alar = —Q 
[Q, Nr] = aap, abap] 
= a',[ar, al.|.ar 
= abar =Q . (6.19) 
and similarly 
[Q, Na] = Q 
[Q,Nr] = —Q (6.20) 


In other words, we can think of Q as raising the bosonic number, ng, 
by one unit while lowering the fermionic number, ny, whereas Q does 


the opposite. It now follows that for 
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_ (22) (gh yr 6.21 
Inp, nF) = Ta |0) ( ) 


where we recognize np = 0,1 and ng = 0,1,2,..., we have 


J/ng + 1|ng +1,nF — 1) if np #0 
Q|ng,nF) = 
0 tine = 0 
_ —+—|ng—i,nep+1) ifn Gorin 
Q\ng,nr) = vrai" re 7 (6.22) 
0 ifng =0 ornr=1 


Namely, we note that acting on any state other than the ground 
state, the operators Q and Q take a bosonic state (with nr = 0) 
to a fermionic state (with ny = 1) or vice versa. This is the mani- 
festation of supersymmetry on the states in the Hilbert space of the 
Hamiltonian, i.e., the bosonic and the fermionic states are paired. 
Furthermore, since Q and Q commute with the Hamiltonian of the 
system (see Eqs (6.14) and (6.15)), it now follows that such paired 


states will be degenerate in energy. Namely 


H(Q|nz,nr)) = Q(H|ng,nF)) = Engnp(Q|ns,0F)) 
H(Q\ng,nr)) = Q(H|ns,nFr)) = Eng ne(Q\np, nF)) (6.23) 


The supersymmetric oscillator is the simplest example of 


supersymmetric theories. The concept of supersymmetry and graded 


| 
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Lie algebras generalizes to other cases as well and there exist many 


useful realizations of these algebras in the context of field theories. 


6.2 Supersymmetric Quantum Mechanics 


Let us next study a general supersymmetric, quantum 
mechanical theory. From our discussion in the last section, we note 
that supersymmetry necessarily involves both bosons and fermions 


and, therefore, let us consider a Lagrangian of the form 
L= >i — aC x) +ipy — f'(2)by (6.24) 


Here, for consistency with earlier discussions we have set m = 1 for 
the bosonic part of the Lagrangian. We also note here that f(r) can 
be any chosen monomial of z at this point. It is clear from Eq. (6.24) 
that when 
fz) —on (6.25) 
i og 
the Lagrangian of Eq. (6.24) reduces to that of a supersymmetric 


oscillator discussed in the last section. 


In general, we note that under the infinitesimal transfor- 


mations 
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pe = aa 
tn 1 

&.y = aa rege 

by = 0 (6.26) 
and 

62x = =e 

dy = 0 

bp = Bs ae f(x)é (6.27) 


where ¢ and € are infinitesimal Grassmann parameters, the action for 
the Lagrangian can be seen to remain unchanged. In other words, the 
transformations in Eqs. (6.26) and (6.27) define symmetries of the sys- 
tem. (See chapter 11 for a detailed discussion of symmetries.) These 
symmetry transformations mix up the bosonic and the fermionic vari- 
ables of the theory and, therefore, are reminiscent of the supersym- 
metry transformations which we discussed earlier. In fact, one can 
explicitly show that the two sets of transformations in Eqs. (6.26) and 
(6.27) are generated respectively by the two supersymmetric charges 
Q and Q in the theory. We also note here, without going into detail, 
that while the Lagrangian in Eq. (6.24) is supersymmetric for any 
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monomial f(z), in the case of even monomials the presence of instan- 
tons breaks supersymmetry. (Instantons are discussed in chapter 8.) 


Consequently, let us consider monomials only of the form. 
fizy~2"" n=0,1,2,... (6.28) 


With these preparations, let us next look at the gener- 
ating functional for supersymmetric quantum mechanical theory in 
Eq. (6.24) (h = 1) 


Z=N [ DpDyDz e*” [z,¥,¥] (6.29) 


As we have seen in the last section, the spectrum of a supersymmetric 
theory has many interesting features. Correspondingly, the generating 
functional for such a theory is also quite interesting. In particular, 
let us note from Eq. (6.24) that since the Lagrangian is quadratic in 
the fermionic variables, the functional integral for these variables can 
be done easily meme our results in chapter 5. (See Eqs. (5.40) and 
(5.87)). Thus, we can write 


joioy 6-108 


SN det(is _ f'(z)) (6.30) 


Substituting Eq. (6.30) into Eq. (6.29), we then obtain 
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Z=N [DpDpDe 571% 4 


N [De [age - 5F@) [Divv if eoig - FEY) 


N [Dz det(i5 — f'(z)) E (6.31) 


Let us next note that if we define a new bosonic variable 
through the relation 
p=iz — f(z) (6.32) 
then the Jacobian for this change of variables in Eq: (6.31) will be 
given by 
d 
if [det(i— - f'(z))J"' (6.33) 


This is precisely the inverse of the determinant in Eq. (6.31). Fur- 


thermore, we note that 


/ dtp” 


[dt(ie = f(z)? 

[ dt(—z? - 212 f(x) + f?(z)) 

— [ de(z? - f(x) - 21 [™ de f(z) 

— f at(z? — f°(z)) (6.34) 


Here we have used the fact that for f(z) of the form in Eq. (6.28), the 
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last integral vanishes. (For even monomials, on the other hand, this 
does not vanish giving the contribution due to the instantons which 
breaks supersymmetry.) Substituting Eqs. (6.32), (6.33) and (6.34) 
into the generating functional in Eq. (6.31), we find 


i 
Z=N [Dpe2 fate (6.35) 


In other words, we see that the generating functional for a super- 
symmetric theory can be redefined to have the form of a free bosonic 
generating functional. This is known as the Nicolai map (namely, 
Eq. (6.32)) and generalizes to field theories in higher dimensions as 


well. 


6.3 Shape Invariance 


As we have noted earlier, there are only a handful of 
quantum mechanical systems which can be solved analytically. The 
solubility of such systems now appears to be related to a specific 
symmetry of the systems known as shape invariance. This symmetry 
is also quite useful in the evaluation of the path integrals for such 


systems. 


Let us consider a one dimensional quantum mechanical 


system described by the Hamiltonian 


146 CHAPTER 6. SUPERSYMMETRY 


fi ha e + U_(z) (6.36) 


If we assume the ground state of the system to have vanishing energy, 


then we can write the Hamiltonian in Eq. (6.36) also in the factorized 


form 
H_=QQ (6.37) 
where 
1 : 
Q= yal ~ iW(z)) 
@ = (p+ iW(2)) (6.38) 
and we identify 
U_(2) = 5(W2(z) - W'(2)) (6.39) 


We note that Q and Q are Hermitian conjugates of each 
other and that given these two operators, we can construct a second 


Hermitian Hamiltonian of the form 


2 


= 2 
H,=Q0=5+U,(2)=5 4+ 


tole 


(W?(z) + W'(z)) (6.40) 


It now follows that if |y) is any eigenstate of the Hamiltonian H_ 


other than the ground state, namely, if 
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H_|¥) = QQ|b)=Alv) A¢0 (6.41) 


then it follows that 


QH_|b) = X(Q\¥)) 
or, QO(Q\¥)) = AlQl¥)) 
or, Hy(QlY)) = A(QI¥)) (6.42) 


Namely, we note that the two Hamiltonians, H_ and H,, are almost 
isospectral in the sense that they share the same energy spectrum 


except for the ground state energy of H_. 


The potential, of course, depends on some parameters such 
as the coupling constants. If the potential of the theory is such that 


we can write 


U, (x, a9) = U_(z,a;) + R(a}) (6.43) 


with R(a;) aconstant and the parameters ap and a, satisfying a known 


functional relationship 


a, = f(a) (6.44) 


then we say that the potential is shape invariant. In such a case, we 


can write using Eq. (6.43) 
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H (a0) = O(ax)@(as) = & +U-(z,20) 
H, (ae) = Q(00)@(aa) = + Us(2sa0) 
= _ + U_(zx, a1) + R(a1) 


= H_(a;) + R(a;) 
= Q(a1)Q(a1) + R(a1) (6.45) 
Since we have assumed that the ground state energy of 
H_ vanishes and since we know that H,(ao) and H_(ao) are almost 


isospectral, it follows now from Eq. (6.45) that the energy value for 
the first excited state of H_(ao) must be 


E, = R(a;) (6.46) 


It is also easy to see now that for a shape invariant potential, we can 


construct a sequence of Hamiltonians such as 


H = H_(a) 


~_ 
_ 
— 


= H,(ay) = H_({a;) + R(a;) 


rcey Hiya.) + 5 R(ax) 


= 
S 
| 


= H(t AG (6.47) 


k= 
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Here we-have identified ” ‘ 
a, = i (ao) = Tif piers (f(ao)) ot 3) (6.48) 


All the Hamiltonians in Eq. (6.47) will be almost isospectral and from 


this, with a little bit of analysis, we can determine the energy levels 


of H_(ao) to be 


Ba Sp Ray) (6.49) 


Il 


Given the sequence of Hamiltonians in Eq. (6.47) we can 


write down the relation 


Q(as)Q(as) 
or, Q(a,)H“) 


Q(4541)Q(as41) + R(a541) 
H&M Q(a,) (6.50) 


This defines a recursion relation between the sequence of Hamiltoni- 
ans. Furthermore, for ¢ > 0, defining the time evolution operator for 


a particular Hamiltonian, H“), in the sequence to be 


yt) = eit (6.51) 


we note that Eq. (6.50) gives 


Q(a,)U) = Q(a,)et 
= tH O(a) =UQ(a,) (6.52) 
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Similarly, by taking the time derivative of Eq. (6.51), we obtain 
dug _jyl)e-itH™ 
Ot 
= : LHS 
= -1(9(a,)Q(a.) + D Alaa)" 
== 


= id R(a,)U — 1Q(a,)USMQ(a5) 


or, (5 +i ¥ Rls) = -~iQ(a,)U"*Q(a,) (6.53) 


The relations in Eqs. (6.52) and (6.53) define recursion 
relations for the time evolution operator and have the coordinate rep- 


resentation of the form 

(2 4 W(2,0,) U2, ¥52) 

Or 3 b ’ 
0 

= “G, as W(y,a,))UCtY (2, y; t) 
a (s) 

(— +i DY R(a,))U'"' (2,9; ¢) 
Ot k=1 : 


- $e - W(2,0)\(5- = W(y,a,) US (2, y; t) (6.54) 


It is clear from this discussion that for a shape invariant 
potential if one of the Hamiltonians in the sequence coincides with a 


system which we can solve exactly, then using the recursion relations 
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in Eq. (6.54), we can solve for the time evolution operator of the 


original system. This will determine the path integral for the system. 


6.4 Example 
Let us consider a quantum mechanical system with 
W(z,a9)=aotanhr ajp=1 (6.55) 


From Eqs. (6.39) and (6.40), we find 


1 
U_(z,a0) = 5(W*(z,a9) — W'(z, a9)) 


= 5 — sech?a 
1 
U,(z,a9) = 5(W"(z, a0) = W"(z, ao)) 
1 
= 5 (6.56) 
In this case, therefore, we can identify 
ieee dy — a, 1 — 08. Ria) —0 (6.57) 


The Hamiltonian for the system, in this case, is 
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(0) p 2,1 
=F (ap) = ae sech’z + 5 (6.58) 
and the next Hamiltonian in the sequence is given by (see Eq. (6.47)) 


(6.59) 


nple 


2 
H) = Hy(ag) = H(a) + Ra) = 5 + 


This is, of course, the free particle Hamiltonian for which we know 
the transition amplitude to be (see Eq. (2.47)) 
(z—y)? it 


(2 mz 


e 2 2 (6.60) 


UMY(2,y; t) 2 Vanit 


Substituting Eq. (6.60) into Eq. (6.54), it is easy to see that 
OF 
Oat) — psechz sechy 


it 

1 po , (ik—tanha)(ik+tanhy) (ik(x—y) - =(k? +1)) 

a i de 2 
27 J—co 1+ k? 


This determines the transition amplitude for the original system. 
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Chapter 7 


Semi-Classical Methods 


7.1 WKB Approximation 


As we know, most quantum systems cannot be solved an- 
alytically. In such a case, of course, we use perturbation theory and 
perturbation theory brings out many interesting properties of the sys- 
tem. However, by definition, perturbation theory cannot provide in- 
formation about nonperturbative aspects of the theory. For example, 
the Born approximations used in scattering theory give more accu- 
rate estimates of the scattering amplitudes as we go to higher orders 
of perturbation, but we cannot obtain information on the bound states 
of the system from this analysis. Similarly, even though we may be 


able to obtain the energy levels and the eigenstates for the motion 
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of a particle in a potential well by using perturbation theory, we will 
never learn about barrier penetration from such an analysis. These 


are inherently nonperturbative phenomena. 


It is, therefore, useful to develop an approximation scheme 

_which brings out some of these nonperturbative characteristics. WKB 

is such an approximation scheme. The basic idea behind this is quite 

simple. Let us assume that we have a particle moving in a complicated 

potential V(r). Then, the stationary states of the system will satisfy 
the time-independent Schrodinger equation given by 

h? 0 
(- Fea + V(@)) Ve) = Bvle (7.1) 


2m Oz? 


Here E is a constant representing the energy of the state. We know 


that if the potential were a constant, namely, if 


V(x) = V = constant 


then, the solutions of Eq. (7.1) will be plane waves (for E > V). 
Namely, 
t 
+—pzr 
w(z)=Ae fh (7.2) 


where 


p= \2m(E -V) 
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When the potential changes with the coordinate, but chan- 
ges slowly, then it is easy’ to convince ourselves that within a re- 
gion where the potential does not change appreciably, the solutions of 
Eq. (7.1) can still be written as plane waves of the form of Eq. (7.2) 
with — 


p(z) = y2m(E — V()) (7.3) 


It is clear, therefore, that we can try a general solution to the time- 


independent Schrédinger equation of the form 


(2) = NA(z) e*B(2) (7.4) 


where N is a normalization constant and furthermore, noting that we 


can write (for nonnegative A(z)) 
A(z) = et A(z) 


we conclude that the general solution of Eq. (7.1) can be repre- 

sented as a phase where the phase, in general, is complex. Since 

the Schrodinger operator depends on h, the phase clearly will be a 

function of fh. With all these information, let us write the general so- 

lution of the time-independent Schrodinger equation to have the form 
i 


p(x) = N eho”) (7.5) 
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If we substitute this wave function back into the Schrodinger equation 
(Eq. (7.1)), we obtain 
A'y(z) 2m 


LO) 4. SEE -V(e))¥(2) =0 | 
or, (-4(¢"(z))? + £4"(2) + 24(B-V(a))) ef) = 
or, (-5(6'(e))? + 59"(e) + Fr(E-V(2))}=0 (7.6) 


So far, everything has been exact. Let us next assume a 


power series expansion for ¢(x) of the form 
P(x) = do(z) + hidi(z) + A go(z) + --- (7.7) 


It is clear, then, that ¢9(x) will correspond to the classical phase since 
that is what will survive in the limit h — 0. Other terms in the series, 


therefore, represent quantum corrections to the classical phase. 


Substituting the power series back into Eq. (7.6), we ob- 
tain 
52 [-(¢6(2) + Agi(z) +)? + 2m(B - V(2)) 
+5 (G62) + Adi(z) +--) =0 
or, 52 (~(¢4(2))? + 2m(E - V(2))) 


(i$$(2) — 295(2)44(2)) + O(M)=0 (7.8) 


ar] 


+ 


7.1. WKB APPROXIMATION 159 


For this to be true, the coefficients of the individual terms in Eq. (7.8) 


must be zero. Equating the coefficient of the id term to zero, we obtain 


—(¢o(z))? + 2m(E-V(z)) = 0 
or, (¢)(z))? = 2m(E—V(z)) = p(z) 
or, ¢)(z) = tp(z) 
or, do(z) = +f de’ p(2’) (7.9) 


Here p(z) is the momentum of the particle at the point z, defined by 
Eq. (7.3), corresponding to motion with energy E. Furthermore, let 
us note that even though both the signs of the solution are allowed in 
Eq. (7.9), consistency of the subsequent relations will pick out only 


the positive sign. This, therefore, determines the classical phase to be 


$o(z) = [ dz' p(2') (7.10) 


If we keep only the leading order term in the expansion of ¢(z), then 


the wave function would have the form 


(a) = VEER Nhe (7.11) 
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The time-dependent stationary wave function, in this case, would be 
given by 


Pee 


i a a he ! 
~,Et+= [dz p(z’) 


p(z, t) 


= Ne 
Sf" at! (pi — B) 
Neh /0 


Newel (7.12) 


This is exactly what we would have expected in the classical limit. 


Let us next include the first order correction to the phase. 


Setting the coefficient of the } term in Eq. (7.8) to zero, we obtain 


idi(2) — 244 (2)d(2) = 0 
or, (a) = 5 Bray = 5 lndi(a)) 
or, du(z) = 5 Indi(2) = 5 Inp(2) (7.13) 


The constant of integration in Eq. (7.13) can be absorbed into N. 
We also note here that this selects out the positive root for ¢o(z) in 
Kq. (7.9). 
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Thus, keeping up to the first order correction to the clas- 


sical phase, we can write the wave function to be 


1 


ek (902) + Adi(2)) 


l2 


$(z) 


weg a2 le!) + 5 Inp(2)) 


ng l eo) 
p(z) 


(7.14) 


This is known as the WKB approximation for the quantum mechanical 
wave function of the system. This approximation, clearly, breaks 


down for small p(z) and in particular when 


po 0 (7.15) 


Namely, at the classical turning points, the classical momentum van- 
ishes and consequently, in these regions, the WKB approximation 
breaks down and we must examine the Schrodinger equation and its 


solutions more carefully. 


From the form of the WKB wave function in Eq. (7.14), 


we note that 
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1 

v'(e)v(2) « (7.16) 
In other words, the probability density, in this case, is inversely pro- 
portional to the momentum or the velocity. This is, of course, what we 
would expect from classical considerations alone. Namely, classically, 
we would expect qualitatively that the system is more likely to be 
found at points where its velocity is smaller. Thus, the WKB approx- 
imation gives us a quantum wave function which retains some of the 
classical properties. It is for this reason that the WKB approximation 


is often also called the semi-classical approximation. 


Za Lhe 


Let us consider a particle moving in a potential of the 
form shown above. Then, the normalization constant for the WKB 
wave function can be determined approximately in the following way. 
Since the wave function damps outside the well, we can write the 


normalization condition to be approximately 
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ae 


[42 ¥'(2)W(2) ~ [de v"(2Wv(2) 


z dz 
My a 
la. p(x) 
Recalling that the classical period of oscillation is given by 
zy az z dz 
T= | 
‘ v(z) iE p(z) 
we obtain 
2m 


= Ne 
or, 7 
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(7.17) 


(7.18) 


(7.19) 


Therefore, we can write the normalized WKB wave function to be 


Pe (Es | da! p(2!) _ ae [ z' p(2') os 


Tp(z) 


2 : 
where w = = denotes the classical angular frequency of motion. 
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7.2 Saddle Point Method 


Let us consider an integral of the form 


1 

—f(z 
I= [7 deen’ ) (7.21) 
where a is a very small constant. Furthermore, let us assume that the 


function f(z) has an extremum at z = 2 which is a maximum. In 


other words, we are assuming that 


f'(z)lacz, = 0 
rae <9 (7.22) 
We can now expand the function around this extremum as 
1 
f(z) = f(z0) + 5 (2 — 20)’ f"(z0) + O((z — 20)’) (7.23) 


Substituting this back into the integral in Eq. (7.21), we obtain 
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e 


ref an gla Flee) + 5(2 — 20)?F"(z0) + O((2 - 20)*)] 
= alle [ae (= 5, (2 = 20)*1F"(z0)| + O((z - 2)")) 


ic o) (-5¥" |f"(z0)| + O(Vay’)) 


[dae 


1 


ad 


I2 


oR 


ches) 
\f"(zo)| zeny 


(7.24) 


It is easy to see that the terms we neglected are higher order in a and, 


therefore, this is the most dominant contribution to the integral. 


Note from Eq. (7.23) that if we consider the function in the 
complex z-plane, then along the imaginary axis it has a minimum at 
the extremal point. Therefore, the extremal point is really a saddle 


point in the complex z-plane. Hence the name, the saddle point 
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method. Let us also note that the direction of our integration has 
been along the direction of steepest descent (along real axis) and, 
therefore, this method of evaluating the integral is also referred to as 
the method of steepest descent. It is worth emphasizing here that 
if the function in the exponent has several extrema, then the value 
of the integral will approximately equal the sum of the contributions 


around each of the extrema. 


This method is quite useful in obtaining approximate val- 
ues of very complicated integrals. As an example, let us analyze the 
Gamma function for large values of the argument. The Gamma func- 


tion has the integral representation given by 


[(n+1)=n! 


Co 
f drz"e = 


Negice tee ee) 


[Pa as (7.25) 


Let us next assume that n is very large. This, then, would correspond 


to + in our previous discussion in Eq. (7.21). In the present case, 


f(z) = =~: (7.26) 
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Requiring the first derivative to vanish gives 


4 


Zo = 7 
f (zo) = Inzo — = inn — 1) Cleat) 
Furthermore, 
1 

Men= == (7.28) 

and, therefore, we have 

1 

on) ae 0 (7.29) 


Therefore, rz) = n is a maximum of the function and, in this case, is 


the only extremum. Thus, for large n, we can write 


! 2 
P(n+1) ~ e™f(t0) [” de on(—5ca(# — *0)’) 


2mn eM f(z0) 


n(Inn — 1) 


= 2mne 


~ V2an (=) for large n (7.30) 


or, 7 
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(Since zo = n is large and positive, we have extended the integration 
to the negative axis in the intermediate step because the contribution 
from this region is negligible.) This is known as the Stirling’s approx- 
imation and holds when n is large. Sometimes, this is also written in 


the form 


Inn! ~ n(Inn — 1) for large n. (7.31) 


7.3 Semi-Classical Methods in Path Integrals 


The saddle point method or the method of steepest de- 
scent can be applied to path integrals as well. Note that so far we 
have only evaluated path integrals which involve quadratic actions. 
But any realistic theory will involve interactions which are inherently 
nonlinear. The path integral cannot always be evaluated exactly for 
such systems and the method of steepest descent gives rise to a very 


useful approximation in such a case. 


Let us consider a general action S[z] which is not necessar- 
ily quadratic. The transition amplitude associated with this action, 


as we have seen, is given by (see Eq. (2.28)) 


5 5l2] 
Foy ty |z;, t;) = N [Dz eh (7.32) 
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Since ft is a small parameter, this integral is similar to the one in 
Kq. (7.21), but is not exactly in the same form . Namely, this integral 
is oscillatory. However, we know that, in such a case, we can rotate to 
the Euclidean space as we have discussed earlier and the integrand be- 
comes weil behaved. We will continue to use the real time description 
keeping in mind the fact that in all our discussions, we are assuming 
that the actual calculations are always done in the Euclidean space 


and then the results are rotated back to Minkowski space. 


Let us recall that the classical trajectory satisfies the equa- 
tion (see Eq. (1.28) or (3.9)) 


6S[z] 
dx(t) 


==fe) 


Therefore, it provides an extremum of the exponent in the path inte- 
gral. Furthermore, the action is a minimum for the classical trajec- 
‘tory. Thus, we can expand the action around the classical trajectory. 


Namely, let us define 


2(t)=2a(t)+n(t)  ” (7.33) 
Then, we have 
S{z] = S[za +] 


‘6 S| xe] 


Grae ezuIe) i) e2) + O(n”) (7.34) 


= Sz] + sil dt,dtzn(t;) 
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Substituting this back into the transition amplitude in Eq. (7.32), we 


obtain 


(x5, t,|z:, ti) 
575[z-1| 
62.1(t1)d2-1(t2) 


a 


to 26 , 
Se res n(t2) + O(n')) 


(Slea] +5 [f dtrdtan(ty) 


4 7S [zi] 
y wie ae ae 
wen Sel py, can Hl Aston td Se rane) 


2 


N- 5 Sal 
e 
(e ) S[x1] 
Fi 6xe1(t1)52<1(ty) 


HI 


(7.35) 


where we have used the result of Eq. (4.2). (We are also keeping the h 
term explicitly to bring out the quantum nature of the calculations.) 


Clearly, the saddle point method breaks down if 


2 
bx.i(t1)5x<1(t2) 


Normally, this happens when there is some symmetry or its spon- 
taneous breakdown occuring in the theory. When this happens, the 
path integral has to be evaluated more carefully using the method of 


collective coordinates as we will discuss in the next chapter. 


We note here that the form of the transition amplitude 
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in the saddle point approximation-in Eq. (7.35) is surprisingly sim- 
ilar in form to the WKB wave function in Eq. (7.20). (Recall from 
Eq. (1.35) that the transition amplitude is a Schrodinger wave func- 
tion for a delta function source.) In fact, the phases are identical (see 
Eq. (7202). It is. the multiplying factors that we readily donot see to 
be comparable. We will describe below, without going into too much 
detail, how we can, in fact, relate the two multiplying factors as well. 


Let us note that a general action has the form 


Sle] = [” at (Sma? . V(2)) (7.36) 


For simplicity, we will choose t; = —f and ty = £ which will also be 


useful later. In this case, we note that 


8? S[x.1] ane d2 "an : 
6ze1(t1)bzi(t2) [m ae stank )) 6(t1 — ta) (7.37) 


Therefore, we see that 


1 &S{zrq] 


et(= c= Caer a det(~ tore + V"(z21))) (7.38) 


dt? 
Thus, we are interested in evaluating determinants of the 


form 


det(— gut =, W(cz))) 


dt? 
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in the space of functions where (7) = 0 = n(—7). We have already 


evaluated such determinants earlier in connection with the harmonic 
oscillator (see Eq. (4.10)). Let us recall here some general results 
which hold for determinants of operators containing bounded poten- 


tials. With a little bit of analysis, it is possible to show that, if 


d? 
E(m<, +W(2))uy) = vl? (7.39) 


with the initial value conditions ~},(—4) = 0 and oi(—2) = 1, then 


det(}(m5, + Wilz))-») _ y(Z) 
1 @ ~ PE) i 
det(=(m ae + Wie) 0) ee 


where W(x) and W(x) are two bounded potentials. We note that 
for \ coinciding with an nite of one of the operators, the left 
hand side will have a zero or a pole. But so will the right hand side 
for the same value of \ because in such a case 7* would correspond 
to an energy eigenfunction satisfying the boundary conditions at the 
end points. Since both the left and the right hand side of the above 
equation are entire functions of with identical zeroes and poles, they 


must be equal. It follows from this result that 


F, 2 


i) (Z) a te 7) = constant (7.41) 
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That is, this ratio is independent of the particular form of the potential 
W(x) and can be used to define the normalization constant in the path 
integral. We will define a particular normalization later. But, for the 
moment, let us use this result to write the transition amplitude in 
Kq. (7.35) in the form 


(5, t;|ai, ti) 


= Sen (7.42) 


Let us note here that by definition (see Eq. (7.39)), )(t) satisfies 


the equation (it is an eigenstate with zero eigenvalue) 


d? 
(moa + V" (x21) bi?) (t) = = (7.43) 
We note here that the classical equations (Euler-Lagrange 


equations) following from our action have the form (see Eq. (1.28)) 


m2. Zel 


ma eV (a). 0 (7.44) 


It follows from this that 
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£ (B28 + V'(2a)) = 1 

or, oe: V" (2. i ean) 
or, (m4, +V" (zx. = = 0 (7.45) 

Comparing with Eq. (7.43), we identify that 
(9) (4) ox <= x p(ze) (7.46) 


Consequently, we recognize that we can write the transition amplitude 
in Eq. (7.42) also in the form 


( uly =, N “pital 
Tf, ) Tiy 9 


(7.47) 


The correspondence with the WKB wave function in Eq. (7.20) is now 
complete and we recognize that the method of steepest descent merely 


gives the WKB approximation. 


7.4 Double Well Potential 


As an application of the WKB method, let us consider a 


particle moving in one-dimension in an anharmonic potential of the 


7.4. DOUBLE WELL POTENTIAL 175 


form 
5 ¢ 


2 
V(x) = = (2" — a’)? (7.48) 
where g and a are constants. Consequently, the action has the form 
lc) fat (Aina ~ ne — a’)?) (7.49) 
2 8 , 


This potential, when plotted, has the shape of a double well. 


This is a very interesting potential and shows up in all 
branches of physics in different forms. Note that it is an even potential 
with a local maximum at the origin. The two minima of the potential 


are symmetrically located at 
ai eba (7.50) 


The height of the potential at the origin is given by 
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Vic == as (7.51) 


Let us also define here for later use 
V"(2 = +a) = 9’a? = mw” ) AGi52) 


where we can identify w with the natural angular frequency of har- 
monic oscillations near the minima. We note from Eq. (7.51) that for 
infinitely large coupling, the potential separates into two symmetrical 
wells with an infinite barrier. The motion of the particle is easy to 
analyze in this case. Each well has quantized levels of energy and 
if the particle is in one well, then it stays there forever. Namely, 
there will be no tunneling from one well to the other. Furthermore, 
from the symmetry of the problem at hand (namely, z + —z ), we 
conclude that both the wells in the present case will have degenerate 
energy levels. Thus, if yo(z) denotes the ground state wave function 
of the well in the positive z-axis with energy Ep, then %(—z) will 
describe the ground state wave function of the left well with the same 
energy. In fact, any linear combination of the two wave functions and, 


in particular, the combinations 


yi(z) 


“a (vole) + Yo(-2)) 


(2) = salvala) ~ Yo(-2)) (7.53) 
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will also be degenerate in energy. 


e 


When the coupling constant g is finite, then the potential 
barrier will be finite. Consequently, the particle initially confined to 
one well can tunnel into the other well and the states of the two wells 
will mix. The symmetry of the system (Hamiltonian) still dictates . 
that the eigenstates of the Hamiltonian can only be even and odd 
linear combinations as described above. They will, however, not be 
degenerate in energy any longer because of tunneling and we wish to 
calculate the splitting in the energy levels due to tunneling using the 
WKB approximation. 


Let us note that ~;(z) is a symmetric wave function where- 
as ¥2(x) is anti-symmetric. Consequently, it is obvious that ~,(z) 
would represent the ground state of the system (after taking tunneling 
into account). Let us write down the time-independent Schrodinger 


equations that various wave functions satisfy. 


d*yh(zx) 2m 


a + Sr (Eo - V(z))o(z) =0 (7.54) 
FU) | 2 (By — V(2))¥a(2) = 0 (7.55) 
Peale) 4 Oy — V (2) ale) =0 (7.56) 
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Furthermore, let us assume, for simplicity, that the wave functions 
are all real. If w(x) denotes the wave function in the well I - that is, 
the well on the right - then, we can easily see that its value will be 
vanishingly small in the well II, or the well on the left. Thus, we can 


normalize the wave function as 
ee dzy2(z) ~1 | (7.57) 


Let us note similarly that if Yo(—z) denotes the wave func- 
tion in the well II, then it would have vanishingly small value in well 
I. Consequently, a product such as w9(x)to(—z) will be negligible ev- 
erywhere. We see from Eq. (7.53), therefore, that 


i 2 
yi(x)po(z) ~ 73 %o(z) . (7.58) 
so that 
if dx (x) yWo(x) ~ * ie dx W2(x) ~ a (7.59) 


Let us next multiply Eq. (7.54) by ~1(z) and Eq. (7.55) 
by wWo(xz) and subtract one from the other. This gives 


d? ne 2 ae 
wala) Oe) — u(x) EME) 4 2 any — B,)vu(z)¥o(2) = 0 (7.60) 


Integrating this equation and using Eq. (7.59), we obtain 
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d? me ) d?y,(z) 


ff az (lz) Fam 


— Potr) 
+r (Er — Fy) [° dz Yx(z)po(z) = 
2m 
or, ar(Ba ~ Ei) y= ~ (Ya(2)¥0(2) ~ vol2)¥4(2))15 
= ¥1(0)¥55(0) — vo(0)¥i(0) 


or, By ~ By = 75 (Wa(0)¥5(0) ~ vo(0)¥4(0)) (7.81 


Let us note that since 


Wi(z) = e(vole) + vo(-2)) 
¥1(0) = V2¥0(0) 
#4(0) = 0 (7.62) 


Substituting this back into Eq. (7.61), we obtain 


hk? 
Ese — V2vh0(0)¥o(0) = —vo(0)¥9(0) (7.63) 
It is here that we would like to use the WKB approxima- 
tion. We recall from Eq. (7.20) that we can write the WKB wave 


function as 
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a 6-5 ff a le) 


Vol) = 0) 
(0) ~ mute) (0) (7.64) 
Here, we note that 
v(0) = =(v(0) — Ey) V(0) >> Ep (7.65) 


Putting these back, we obtain 


2 
Bo By = aoe (%0(0))? 


2 pa 
Ww = dz & 
= hoe fy 4 |p(2)! 


7 ara 
tw —% J, 47 lP(2)| 


T 


(7.66) 


This is the splitting in the energy level of the true ground state from 


the case of the infinite well. We can similarly show that 


2 pa 
hw -~ | dz|p(x 
B, - Ey = —e jlo 4) (7.67) 


and, consequently, 
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2 pa 
hw,—-z |, dz |p(z 
B,- By=—— i pt) (7.68) 


which gives the splitting between the two degenerate levels in this 


approximation. 


The damping exponential in Eq. (7.68) reflects the effects 
of tunneling. In fact, note that because of the reflection symmetry in 


the problem, we can write 


2 pa ele 
ph Pol _ 5 Ld PO (7.69) 


and this gives the coefficient for tunneling from the minimum at 7 = 
—a to the one at zc = a. This, of course, assumes that the particle 
under consideration has vanishing energy. In reality, however, we 
know that the quantum mechanical ground state energy is nonzero 
in general. In fact, if we approximate the potential near each of the 
minima by a harmonic oscillator potential, then we can identify the 


ground state energy of the system with 


= — (7.70) 


This would, then, imply that the turning points for motion in both 


the wells, in this case, are given by 
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1 hw 
5 mu" (x — a)? a By = > 
h 
or, t—a = +,4/— 
mw 
h 
or, 27 = a+,|— (E71) 
mw 
and, similarly, 
1 2 ie = hw 
5 mw (z+a)* = Ey= 5 
h 
or, rta = +,4]— 
mw 
h 
or, zy = —a+t.4|— (7.72) 


The tunneling from one well to the other, in this case, 
- therefore, would correspond to tunneling from —a + y= toa— ye. 
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Correspondingly, for a more accurate estimation of the splitting in 


¢ 


the energy levels, we should replace the exponential in Eq. (7.68) by 


EI ae le) 


ae 
“ah 42 we) _, (7.73) 


Furthermore, recalling that (see Eq. (7.3)) 
lp(z)| = y2m(V (x) — Eo) 


we can evaluate the exponent in a straightforward manner as 


[OY™ ae (ola) 


EAS 2 hi 
f Vm dy ea! =) 


I2 


pve pee) _ ale (7.74) 


This integral can be trivially done and has the value 
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[OV™ dz [plz) 


ha 


) 


2 


n 4 hen ee — 5 In( —",)+ Oh 
1 h f h 3 


Here we have defined 


I> 


So= , (7.76) 


Substituting Eqs. (7.73) and (7.76) into Eq. (7.68), we 
obtain the splitting in the energy levels to be 


1 
2hw | 4mwae? -% 50 
nT h 


\2 


E,- FE, 


1 
4S 
= < Vinkuwta ¢ a (7.77) 


In the next chapter, we will calculate this energy splitting using the 


path integrals and compare the two results. 
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Chapter 8 


Path Integral for the Double Well 


8.1 Instantons 


Let us next try to do the path integral for the double well 
potential. We recall from Eq. (2.28) that the transition amplitude is 
defined as 


rc S{z] 


1 a 
Ve --HT = 
Coe 9 Fis —5) = (x sle h lz) = N [De eh (8.1) 


where for a double well potential (see Eq. (7.49)) the action is given 
by 


Sfz] = [%, de(5mé? - V(2) 
= ip : at( sma? = L(x? —a’)’) (8.2) 
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As we have seen earlier in chapter 4, the best way to evaluate the 
path integral is to go to the Euclidean space. Thus, by rotating to 


imaginary time 


t— > —it 


we obtain using Eq. (1.42) 


1 1 
—-—HT ° —-=S 
(zjle ho [ayy = N [Dre h aa (8.3) 
where the Euclidean action has the form 
f 1 
Sz[z] = Ve dt( ma? + V(z)) (8.4) 
r | 


In the semi-classical method, we can evaluate the path 
integral by the saddle point method. The classical equation which is 


obtained from the extremum of the action in Eq. (8.4) has the form 


5S [2] _ 
dz(t) 


or, mz — V'(z) 


i 
So 
—_ 
Ge 
on 
— 


with 
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The Euclidean equations, therefore, correspond to a particle moving 
in an inverted potential otherwise’also known as a double humped 
potential. The Euclidean energy associated with such a motion is 


given by 


E = =mz* — V(z) (8.7) 


Two solutions to the Euclidean classical equation of mo- 


tion in Eq. (8.5) with minimum energy are obvious. Namely, 


z(t) = +a (8.8) 


satisfy the classical equation with E = 0. In other words, the particle 
stays at rest on top of one of the hills in such a case. Quantum 
mechanically, this would correspond to the case where the particle 


executes small oscillations at the bottom of either of the wells in the 
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Minkowski space and these small oscillations can be approximated by 
a harmonic oscillator motion. However, in the large T limit, (namely, 
when T —> oo) in which we are ultimately interested in, there are 
nontrivial solutions to the Euclidean equation of motion in Eq. (8.5) 


which play a dominant role in evaluating the path integral. Let 


z(t) = +atanh ae (8.9) 


where t, is a constant and we have identified as in Eq. (7.52) 


mw* = V"(+a) = g’a* . (8.10) 


Then, we see that 


La or 3 
eg OY wi WY 2 
aa + ( Sa taeea a’) 
= g 2 = I od 2V (21) 
oo) (8.11) 
Lel = eee 
2a 
WwW WwW 
= ee rail F5_ (tei —a’)) 
2 2 
— = . 9 
ce 53 Tell ter —a’) = am rel (Fa 7a) 


= ~V'(za) (8.12) 
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Consequently, it follows that 


a4. 


¢ 


MZ ¢I = V' (2.1) = 0 (8.13) 


and we conclude that the solutions in Eq. (8.9) represent nontrivial 
solutions of the Euclidean equation of motion, namely, Eq. (8.5). We 


also note that, for these solutions, 


| 
+H 
rs) 


tqu(t + —co) = 


Il 
H- 
© 


(8.14) 


2,1(t — oo) 


These solutions, therefore, correspond to the particle star- 
ting out on one of the hill tops at £ + —oco and then moving over to 
the other hill top at t — oo. Let us also note (see Eq. (8.11)) that for 


such solutions 


ae = m a Vea) — v (ea) (8.15) 


to 

2 

| 

) 
= 
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Therefore, for such motions, the Euclidean energy defined in Eq. (8.7) 


has the value 


) 5 mit —V(z.1) = 0 (8.16) 


In other words, these also correspond to minimum energy solutions 
like the trivial motion. The action corresponding to such a classical 


motion can be easily calculated. 


Sr [zr] = So 


eg dt 5 mz, + V(z.)) 


los} 2 +a i 
[dtmz?, = m fr atyze 


ta WwW 
= mf" dea(F(24 —0°)) 


= ls Se eee 
7 7 990 40° a 7 ee 
9 Pn ss 
= j mwa? = (8.17) 


where we have used Eq. (8.11). We note that this action has the 
same value as the So defined in Eq. (7.76) in connection with the 
WKB calculation of the splitting of the energy levels for the double 
well. The solutions in Eq. (8.9) are, therefore, finite action solutions 
in the Euclidean space and have the graphical form as shown above. 


They are known respectively as the instanton and the anti-instanton 
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solutions. (classical solutions in Euclidean time). If we look at the 


a 


Lagrangian for such a solution, then we find, using Eq. (8.11), that 


ies! 
Lz; = a™ #2, + V (au) = ma, 


Ay, ats = t 
= m( 2 sect 4) 


ae 
= 7 ek (8.18) 


In other words, the Lagrangian is fairly localized around t = t, with 


a size of about 


re ee ae (8.19) 


It is in this sense that one says that instantons are localized solutions 
in time with a size of about 1 The constant t. which signifies the 


time when the solution reaches the valley of the Euclidean potential 
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is really arbitrary. This is a direct reflection of the time translation 


invariance in the theory. 


Just as we can have a one instanton or one anti-instanton 
solution, we can also have multi-instanton solutions in such a theory. 
However, before going into this, let us calculate the contribution to the 
transition amplitude coming from the one instanton or anti-instanton 
trajectory. From our earlier discussion in Eq. (7.35) of the saddle 
point method in connection with path integrals, we conclude that 


(O.I. stands for One Instanton) 


i 
(ale & | —a)oz. 
1 
=k 
= N [Dre h alr] 


1 1 §Sz[z<1] 
ai — 55 ff dtidtan(t.)) ant 
Ne pera tne 2h | idtan( Gem orattay ) 


l2 


N =o 
a (8.20) 
det(;(—m45 + V"(z21)))o.1. 


Here we have defined 
x(t) = x.)(t) + n(t) (8.21) 


and, for the one instanton case, as we have already seen in Eq. (8.9), 
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6 t— c 
ri(t-~ t.) =a tanh a 


(8.22) 

Let us next analyze the determinant in Eq. (8.20), for the 
one instanton case, in a bit more detail. We know from Eq. (8.11) 
that 


dz.) aw w(t — t-) 
a oh sech 5 (8.23) 


satisfies the zero eigenvalue equation (see Eq. (7.45) rotated to imag- 


inary time) 
2 
(—m—, + V"(2.1))—— = 0 (8.24) 


In fact, using Eq. (8.17), we can define the normalized zero eigenvalue 


solution of Eq. (8.24) as 


So\7? drat a Gj w(t) 
Se!) eet | ee + 8.25 
vol?) iS dt e 2 ae 2 ( ) 
As we had seen earlier in Eq. (7.41), the determinant in Eq. (8.20) 
can be obtained from this solution simply as 
d2 


amet " L 
det(=(—m a +V"(z21))) « o(5) T — © (8.26) 


But from the form of the solution in Eq. (8.9) or (8.14), it is clear 
that 
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T—0o 


lim vol5) 250 (8.27) 


In other words, in this case, the determinant identically vanishes. The 
reason for this is obvious, namely, 7o(t), in the present case, happens 
to be an exact eigenstate of the operator (-_m& +V"(ze)) with zero 
eigenvalue. (This means that Wo(+4) = 0 for T — oo.) This is what 


one means in saying that there is a zero mode in this theory. 


8.2 Zero Modes 


As we have argued before, a zero mode is present in the 
theory whenever there is a symmetry operative in the system. To 
see this, let us recall that the determinant in Eq. (8.20) arose from 
integrating out the Gaussian fluctuations. Therefore, the term that 


we need to re-examine is 


1 8? S[zx i] 
=| [ ddan @)) at 
i 2 ( ) Fpa(t,)\Sralts)™ 2) (8.28) 
Note that, in this case, since wWo(t) represents a zero mode of the 
operator cae: if we make a change of the integration variable 


as 


5n(t) = epo(t) (8.29) 
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where € is a constant parameter, then the Gaussian does not change. 
In other words, the (piers nee in Eq. (8.29) defines a symmetry of 
the quadratic action. Another way to visualize the trouble is to note 
that if we were to expand the fluctuations around the classical trajec- 
tory in a complete basis of the eigenstates of the operator SC EAAE 
then we can write 


n(t) 


II 

Q 
a 
& 
es] 
-— 

oo; 
— 


Dnr(t) = TI den (8.30) 


Substituting this expansion into Eq. (8.28), we obtain 


1 6° S[z.1] 
ie! dtidty ts) Seals) 2) 


_i SS Xe 
= [TI dee 250 
n>0 
1 2 
oy, Xn Cn 
= f deo f [] deme 2h n50 (8.31) 


n>0 


where 4,, denotes the eigenvalues corresponding to the eigenstates y,. 
Here we note that the zero mode drops out of the exponent and, 


consequently, there is no Gaussian damping for the dcp integration. 
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In such a case, we have to evaluate the integral more care- 
fully. To understand further the origin of the problem, let us examine 


a simple two dimensional integral. Let 


bad 


1 
= (ee dz, dz ae 
ut 1 2 a2 22)2 
_ dz; dz POE La) (8.32) 


Here a is a small parameter and we have defined 


f@) = 52-92) 
eo= 224+ 23 (8.33) 


This example is, in fact, quite analogous to the instanton calculation. 


The classical equations, in this case, lead to the maximum 


of . . 
az # (1 — 4g?z”) =0 
a it 
or, [tu| = 2g (8.34) 


It is easy to see that the other solution, namely, the origin, in this 
case, corresponds to a local minimum. The most general classical 


solution following from Eq. (8.34) can, therefore, be written as 
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Tiel = yeaa 
iL 
Loc yaaa (8.35) 


where 6 is an arbitrary constant angular parameter. This is very 
much like the arbitrary parameter t, which arises in the case of the 
instantons. In the present case, the presence of the angular parameter, 
@, is a consequence of the rotational invariance of the function f(z) 
in Eq. (8.33). 


Expanding around the classical solution, namely, choosing 
Lq = Laci + Na oe (8.36) 


we have 


a... Sane 72)) 
F(E) = flea + 1) = HE) + sass sar 


na + O(n") (8.37) 


From the form of f(z) in Eq. (8.33), we note that 


OF f(z -1) 2-2 2a, ) 
a site! = 69(1 — 49°?) — Bg? x%x" 
62%0x5 al 1) Ivel 


8972725 (8.38) 


cl 
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In the matrix form, therefore, we can write 


2¢(2 2 } 
Of” f (za) —. cos?6 ~=cos@sin®@ (8.39) 
dx% Ox", cos@sin@ sin? 6 


Thus, if we use the saddle point method naively, we would obtain the 


value of the integral in Eq. (8.32) to be 


1 1 & f(z.) 
— f (£1) ao ag BIB 
I~vea [ance saeeere! (8.40) 


Let us note that the matrix ae in Eq. (8.39) has two 
eigenvalues, \ = 0,—2. As a result, the Gaussian integral in Eq. (8.40) 
does not exist. This is very much like the instanton calculation that 
we did. In fact, it is easy to check from Eq. (8.39) that the eigenstate 


with zero eigenvalue has the form 


in 8 
=| ie | (8.41) 
— cos 6 


Consequently, under a transformation of the variables of integration 


of the form 
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which we recognize as an infinitesimal rotation, the quadratic expo- 


nent in Eq. (8.40) does not’ change. ‘In fact, writing out the exponent 


completely, we have 


1 1 
oe Ee oo aaa 6+ j 6 : 
ne oe 1) ie mee ~(m cos § + sin 0) 


Furthermore, redefining the variables as 


™m = mm cos6+msiné 


7 = —m sind +72 cos6 


we note that we can write the integral in Eq. (8.43) also as 


1 


Mea 
oF) (ci) ee dry dtja € ip 


a 
le 


Toe 


Lae 
oat Fe) oe dry ae diy nae 


(8.43) 


(8.44) 


(8.45) 


The analogy with the instanton case is now complete. 


There is no damping for the d7 integration. That is the origin of 


the divergence and it is a consequence of rotational invariance in this 


case. In this simple example, the solution to the problem is obvious. 


Namely, since the function f(Z), in Eq. (8.33), is rotationally invari- 


ant, it is appropriate to use circular (polar) coordinates. The angular 
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integral, in this case, can be trivially performed giving a finite result 
after which the saddle point approximation can be applied to the ra- 
dial integral which will have no zero mode. This method generalizes 
readily to other systems with more degrees of freedom and is known 
as the method of collective coordinates. This is what we will try to 


use in order to evaluate the instanton integral. 


8.3. The Instanton Integral 


In the case of the instanton, we have already seen in 
Kq. (8.31) that 


67S [x1] 
[Dne ? 2h = ff ats ata Mee )Sealtay”! 2) 


oe 
= [ deo f TI dene Oh 5 5 nem (8.46) 
n>0 

which is divergent. The divergence, in the present case, is a con- 
sequence of time translation invariance, namely, the position of the 
center of the instanton can be arbitrary. So, following our earlier dis- 
cussion, we will like to replace the dco integration by an integration 
over the position of the center of the instanton. Let us discuss very 


briefly how this is done. Let us recall that expanding around the 
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instanton trajectory yields 


a 


a(t) = za(t —t.) + n(t — te) 


or, z(t+t,) x(t) + n(t) = ra(t) + > Cr ,(t) (8.47) 


(Since the trajectory is independent of the center of the instanton tra- 
jectory, the fluctuations must balance out the t, dependence.) Mul- 
tiplying Eq. (8.47) with yo(t) and integrating over time, we obtain 


liz dt x(t + t.)po(t) 


= [%, dt(zalt) +B on ¥a(t) volt 


r Sey? dz,i(t 
= [i,a(R) 6) SP +0 
5 Tr 
1 (/So\7? ; 
=a) 20) +e 
m2: 
= (8.48) 


The first term vanishes because it has the same value at both the 
limits. (It is worth emphasizing here that we are only interested in 


large T limits when all these results hold.) This simple analysis shows 
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that 


(eh) = Co(te) (8.49) 


Therefore, we can easily change the co-integration to an integration 
over t.. To obtain the Jacobian of this transformation to the leading 
order, let us consider an infinitesimal change in the path in Eq. (8.47) 


arising from a change in the coefficient of the zero mode. Namely, let 


én = 5Cp wo(t) (8.50) 


where we assume that dcp is infinitesimal. In this case, 


“3 dra(t) 
dt 


da(t +t.) = 6n = dco Y(t) = dco (= (8.51) 


te 
m 
where we have used Eq. (8.25). However, we also note that this is pre- 
cisely the change in the path that we would have obtained to leading 


order had we translated the center of the instanton as 


i 
2 


f= 54,4 bhi (=) (8.52) 
m 


Namely, in this case, 
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6a(t+t-) = 2(t4t. + dtc) — a(t +t) 
_ <,de(t+t.) _, (So\? de(t + te) 
“oer & dt 
. So\~? dzai(t) 


Thus, from Eq. (8.52), we note that to leading order, we can determine 
the Jacobian of the transformation from the integration variable co to 


t. to be 


deo(te) (2) (8.54) 


dt, m 


A more direct way to arrive at this result is to note from 
Eq. (8.48) that since 


ie) 
o 
-_— 

“ 
oO 
~—— 

I 


ie dt x(t + te)po(t) 


T 
= = [id toll Yo 


(ae = wo(t) 


= ade e. ee poe 


n>0 


I 


(=) te dt V5(t) + Een a dt _ Wo(t) (8.55) 
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where we have used Eq. (8.25). The n = 0 term drops out in the 
second term because for n = 0, the integrand is a total derivative of 
~2(t) which vanishes at both the limits. It is clear, therefore, that to 


leading order (since wp) is normalized to unity), 


deo(t.) _ @ + O(h) (8.56) 


Namely, we are using here the fact that the higher moments of a 
Gaussian of the kind that we are dealing with in Eq. (8.46) are higher 


orders in fh. 


Thus, we are ready to do the determinant calculation now. 


We substitute Eq. (8.54) or (8.56) into Eq. (8.46) to obtain 
i 8 S[z<1] 
—= |] dt,dt2 n(t,)——-—__o((t 
[Dne oh f 1 2n( ) seen 2) 


1 1 2 
So\? 53 OR Ane 
(=) [i ate f II dene >0 


a n>0 


(8.57) 


: &) [iat 


my ydet'(5(—mga + V"(ra))) 


Here det’ stands for the value of the determinant of the operator 


without the zero mode. Let us also note here that even though the 
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dt, integral in Eq. (8.57) can be done trivially, we will leave it as it is 
for later purposes. Thus, from Eqs. (8.20) and (8.57) we obtain the 


form of the transition amplitude in the presence of an instanton to be 


4 i 
7 N (=2)’ dun Tr 
fale BO | ~ alos, = men fF te (8.58) 
det (f(—m& sn 429) ) ee 


8.4 Evaluating the Determinant 


To evaluate det’, let us define the quantity 


_ det(}(—m4, + V"(za))— E) _ Mn(En ~ E) 


A) = “Fen(t(—m& + mut) B) (o£) 


where the determinant in the denominator corresponds to that of a 
free harmonic oscillator which we have already evaluated. It is easy 
to see again that both sides of Eq. (8.59) have the same analytic 


structure and, therefore must be equal. We note that 


A(E =0) =0 (8.60) 


since there is a zero eigenvalue for the determinant in the numerator 


and further, 
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A(E = 0) =1 _ (8.61) 


If we eliminate the zero mode in Eq. (8.59) by dividing it out, then 


we obtain 
1 Tin 0 En 
“5 A(E) |z-0 = ‘ (0) 
OA(E det!'(2(—m4 + V"(z<1)) 
jie eon detinieiie: Ley (8.62) 
OE det(;(—mSq + w?)) 


Clearly, if we can evaluate the left hand side of Eq. (8.62), then we 
would have evaluated det’ since we already know the value of the 


determinant for the harmonic oscillator. 


To evaluate this, let us consider the scattering problem for 


the Schrodinger equation 


it da i 
a(-™an + V"(ze))P 


Ey 


2 


or, (-m55 + V"(ta))¥ = hky (8.63) 


If we define the asymptotic solutions (Jost functions) as 
aa f.(t,£) — ae 


Jim, f-(t,E) —> e* (8.64) 
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where we identify 


k? = hE = w" 
es 
im V"(te1) —+ mw? (8.65) 


The Jost functions are two linearly independent solutions of the Schro- 
dinger equation in Eq. (8.63) and consequently, any general solution 
can be written as a linear combination of the two. In particular, we 


can write 
Jim, f.(t,B) —> As(B)e"* + B,(B) e™ 
lim f_(t,E) —* B_(E)e**t 4 A_(E)e~**! — (8.66) 


The linear independence of the Jost functions can be easily seen by 
calculating the Wronskian which has the value 


W(fi(t, Ey f_(t, E)) 


p(t, Eye GE) _ PE), (em) 


Qik B,(E) = 2ik B_(E) (8.67) 


where the equality in the last step results from evaluating the Wron- 


skian at the two different time limits t + too. This, in fact, shows 
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that the two coefficients B,(E) and B_(E) are identical. With a bit 


more analysis, they can also be shown to be equal to A(E), namely, 


B,(E) = B_(E) = A(E) (8.68) 


Let us also note from Eq. (8.25) that the zero mode has 


the asymptotic form 


Hipw() = lim (3) pees 
So\"? wt twt 
— aw |— Ke (8.69) 


where we have defined 


ps 
2 


Ko 2a (=2) (8.70) 
m 
Thus, from Eqs. (8.64), (8.65), (8.66) and (8.69), we note that we can 
identify (k(E = 0) = —iw) 
oe es ee —w|t| 


Thus, comparing Eqs. (8.71) and (8.72) with the asymptotic form of 
the Jost functions in Eqs. (8.64) and (8.66), we conclude that 


A,(E =0)=1 A_(E=0)=1 
B,(E=0)=0 . B(E=0)=0 (8.72) 
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Consequently, we obtain 


a 
a 


ae 02 (p00 (8.73) 


a result which we already know. 


The asymptotic equations which the Jost functions satisfy 
(see Eqs. (8.63) and (8.65)) are 


2 
Se ~ (hE - mw”) f(t, E) = 0 
moe) — (AE' — mw’) f_(t, E') =0 (8.74) 


Multiplying the first of these equations by f_(t, E’) and the second 
by f,(t, E) and subtracting one from the other, we obtain 


m{ alte BI 
= h(E == F') f,(t, E)f-(t, £’) 


or, 2(44(e, PREF) _ 7 (4, wy) 


= “UE — E')f,(t, E)f-(t, F) 
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ts) h 
or, ay W (f+(ts0), f(t, B)) = gir Efi(t 0) Fe} 
Wi felt.0)f-(B))) = -E falO)F-(60 
or, OEAat ies ) a= = m SPM) 4) 

= ye 8.75 
= vit) (8-75) 

Integrating this equation between (-Z, t) with T — oo, we obtain 
hi 8 wif.(t,0),f-(t,E))\ 2 (8.76) 

E-0 OF ( POG ae a ’ an mre. . 


On the other hand, from the asymptotic form of the Jost 
functions in Eq. (8.66), we see that 


W(f.(t,0), f-(t, E) zoo 
= (et (ik B_(E)et*t — ik A_(E)e~***) 


to e wt (B_(E)et*t a A_(E)e~**t)),_.. 


—(evt ik etkt ed wet eikty (8.77) 
from which we determine 
fe) [oe] 
lim, SW (F+(,0),f-(6E))| 
OB_(E) OA(E) 
made = 2 
BE eo Wa = (8.78) 
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Here we have used the identification in Eq. (8.68) as well as the results 


BS: 
of Eq. (8.72). Comparing Eqs. (8.76) and (8.78), then, we obtain 


oy OA(E) ee 
lO, | oe mK? 
OA(E) _ h 
1, — aR a ERE (8.79) 
We, therefore, determine the ratio in Eq. (8.62) to be 
det'(; (-_m4 +V"(xe1))) _ = _ OA(E) es hi (8.80) 
det(}(—m& + w?)) OE |p. 2mwK? 


The one instanton contribution in Eq. (8.58) can, now, be 
explicitly determined and takes the form 


1 


sali 
(ale fh 


| om a)o.r. 
= N 


det(;(- m45 + w?)) 
Geidcms pat) Nae + Vu) 


: 1 
7 ——Spo -f 
m 


dt, 


ela 
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aie 2 So\? 0 
mw\? ——— | 2mw 0 ; 
By Adie Pe pallet a ee h dt. 
-_ (= ) : h x (=) [i 
mu\2 == 12Sow 590 z 
dba dt. 
(=) h ae ie 
A wT 
Mu\? == 7% 


where we have used Eq. (8.80) as well as the value of the path integral 
for the harmonic oscillator given in Eq. (3.28) (rotated to Euclidean 
space). We have also defined a new quantity, r, whose value using 
Eq. (8.70) is given by 


2 = S 
= 42 wiae h° (8.82) 


The transition amplitude, in this case, separates into a product of two 
factors - one that of a simple harmonic oscillator arising from the triv- 
ial solution of the Euclidean equation of motion and the second giving 
the true contribution due to an instanton. We can, similarly, calculate 
the transition amplitude in the presence of an anti - instanton and it 


can be shown to be identical to the result obtained in Eq. (8.81). 
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8.5 Maulti-Instanton Contributions 


a 


As we had diecneed earlier, a string of widely separated 
instantons and anti-instantons also satisfies the Euclidean classical 
equation given in Eq. (8.5). The instanton density is small for weak 
coupling and in such a case these multi-instanton solutions will con- 
tribute to the transition amplitude as well and their contribution can 
be evaluated under an approximation commonly known as the dilute 
gas approximation. A typical example of a multi-instanton solution 


has the following form. 


Let us consider a n-instanton solution with centers at 


t,,tz,-°+,t, satisfying 
(8.83) 


In such a case, the integral over the centers of the instantons gives 
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t ty tn-1 Te 
[id (pate fs dt, = (8.84) 


Furthermore, since the instantons and the anti-instantons are assumed 
to be noninteracting, their contributions to the transition amplitude 
will simply be multiplicative. Thus, a n-“instanton” solution will 


contribute an amount (see Eqs. (8.81) and (8.84)) 


B wT [T B m4 T\" 
(my. 2 oe) 2 = (8.85) 


We have to recognize here that only an even number of 
instantons and anti-instantons can contribute to the transition ampli- 
tude of the form 


il 1 
-LHT 2=HT 
(ale & a) or (-ale % |—a) (8.86) 


Similarly, only a total of odd number of instantons and anti-instantons 
can contribute to transition amplitudes of the form 
1 
,- HT —-HT 
(ale & |—a) or (-ale fi fa) (8.87) 


Adding all such “instanton” contributions, we see from Eq. (8.85) that 


we will have 
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i 
= le . e 
(ale RS) 
m = = (rT)*" 
w\3 ———(r 
Sone 2 
> (=) 2n! 
, of 
= (mY 2 cosh(rT) 
T 
‘ a 
(m)" Pekan (eT 4 eT) 
= {—|])e 2 ————— 
wh 2 
Ww w 
1 (/mw\i , —(—-r)T —(=+4+r)T 
pe (necuae 2 2 : 
5 (=) G _— ie (8.88) 


Similarly, we can show that for odd number of instanton contributions, 


we will obtain 


pee 
(ale h |—a) = (=) e 2 sinh(rT) 
- 5 (=) | set” <.-m (B89) 


If we identify the two low lying states of the Hamiltonian 
as |+), with energy eigenvalues Fy respectively, then we note that by 


inserting a complete set of energy states we will obtain for large T 
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(ale h ” |—a) 
HT ur 
~ (-ale Ro |-)(-|-a) + (ale B |+)(+1— 4) 
ter L 


ee 2 
=e hk (-al-)(-|—a)+e h * (-al+)(+|—)(8.90) 
Comparing this with Eq. (8.88), then, we obtain 
WwW 


Therefore, the splitting between the two energy levels is obtained to 
be 


AE=E,-—E_ = 2hr 


[ aes 
oh x 2 —whae he 


i 
ais 
4V2mhwiae h” (8.92) 


This splitting of energy levels calculated in the path integral formalism 
can, then, be compared with the result obtained through the WKB 
approximation in Eq. (7.77). 


8.6. REFERENCES ; 219 


8.6 References 


Coleman, S., “The Uses of Instantons”, Erice Lectures, 1977. 


Sakita, B., “Quantum Theory of Many Variable Systems and Fields”, 
World Scientific Publishing. 


Shifman, M. et al, Sov. Phys. Usp. 25, 195 (1982). 


Zinn-Justin, J., “Quantum Field Theory and Critical Phenomena”, 
Oxford Univ. Press. 


Chapter 9 


Path Integral for Relativistic 


Theories 


9.1 Systems with Many Degrees of Freedom 


Thus far, we have only discussed one particle systems. 
However, the method of path integrals generalizes readily to systems 
with many particles or systems with many degrees of freedom. Let 
us consider a system with n-degrees of freedom characterized by the 
coordinates r°(t), a = 1,2,---,n. These coordinates, for example, 
can denote the coordinates of n-particles in one dimension or the 
coordinates of a single particle in n-dimensions. If S{z] denotes the 
appropriate action for the system (namely, if it describes the dynamics 


of the system), then the transition amplitude in Eq. (2.28) can be 


221 
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easily shown to generalize to 
a 
— S|x* 
(zy,tylai,t:) =N [Da%eh i" (9.1) 


The action generically has the form 
S{x*] = [" at L(2*, 2”) (9.2) 


and we are supposed to integrate over all paths starting at rf att = ¢; 
and ending at xf at t = ty. We can also introduce appropriate sources, 


in this case, through the couplings 
ty 
Sle, J7] = S[2] + [’ dt J*(t)2°(t) (9.3) 


to define the transition amplitude in the presence of these sources as 
(see Eq. (4.40)) 


1 
ag ae i 
(ep,tylaiti” = N [Daren 7 | (9.4) 


As we have seen earlier in Eqs. (4.38) and (4.50), this allows us to de- 
rive the various transition amplitudes or matrix elements in a simple 
manner. We can also define, as before, the vacuum to vacuum tran- 


sition amplitude in the limit of infinite time interval as (see section 
4.4) 
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¢ 2 
Yi, aS ame 
Z|J] = (0/0)? = N [ Da%eh eI (9.5) 
where in the infinite time interval limit, the action in Eq. (9.3) has 


the form 
S[x*, J*] = [dt (L(a*, 2°) + J*(t)2*(t)) (9.6) 


and the integration over the paths in Eq. (9.5) has no end point re- 
striction in the sense that the initial and the final coordinates of the 


paths can be chosen arbitrarily. 


The path integrals can also be extended to continuum field 
theories once we recognize that these theories describe physical sys- 
tems with an infinite number of degrees of freedom. Thus, if ¢(z,t) is 
the basic variable of a 1+ 1 dimensional field theory, then the vacuum 
to vacuum transition amplitude in the presence of an external source 
can be written as 

Ls 


Z{J} = (0|0)” = Nn [ Dock ™ 4 


(9.7) 


where 


S{[o, J] = S[4] + ff ns dt dx J(z, t)$(z, t) (9.8) 


(Incidentally, in all these discussions, we are going to assume that the 
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relation between the Lagrangian and the Hamiltonian of the system 
is the canonical one which would lead to path integrals of the form 
in Eq. (9.5) or (9.7). If this is not the case, then one should take as 
the starting point, the path integral in the phase space as obtained 
in Eq. (2.22).) Before going into the discussion about the functional 
integration in the present case, it is worth emphasizing what we have 
discussed earlier, namely, it is the time ordered Greens functions in the 
vacuum which play the most important role in a field theory because 
the scattering matrix or the S-matrix can be obtained from them. This 
is why it is the vacuum functional which is the quantity of fundamental 
significance in these studies. The second point to note is that we have 
left the specific form of S[¢] arbitrary. Depending on the particular 
form of the action, we will be dealing with different kinds of field 


theories - both nonrelativistic and relativistic. 


_ Returning now to the question of the functional integra- 
tion, let us recall that in the 0 + 1 dimensional case, we defined the 
path integral by dividing up the time interval into infinitesimal steps 
(see Eqs. (2.18) and (2.20)). Here, in addition, we have to divide up 
the space interval into infinitesimal steps as well. Thus, let us assume 
that 


g=75 


rl 


(9.9) 


with the understanding that we will take the limit L — oo at the end. 
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Let us further divide the length interval into N equal steps of length 
€ such that . - 


Ne= (9.10) 


rit 
bolt 


If we now label the position as well as the value of the field variable 


at any intermediate point on the trajectory as 


Im = So twne 


sea 


dm O0<m<N | (9.11) 


then, just as in the case of quantum mechanics, we can define (see 


Eq. (2.29), for example) 


[Do= jim tim [Thm (212) 
Wee | 


Unlike the case of quantum mechanics, which we have extensively dis- 
cussed, however, the path integral, in the present case, does not exist 
in the sense that the integrations defined in Eq. (9.12) are divergent 

in the continuum limit. However, if we absorb the divergence into 
the normalization constant, N, in Eq. (9.5) or (9.7), then the Greens 
functions can still be defined uniquely since they are defined as ratios 


for which the divergent constants simply drop out. 
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For field theories in higher dimensions where the basic 
variables are $(Z,t), we can define the vacuum generating functional 
exactly in an analogous manner. Namely, we have 


S[¢, J] 


Z2[J] = (0|0)” = N f Doeh (9.13) 


where 


S[¢, J] = So] + f d*z J(z, t)o(z, t) (9.14) 


and the integrations are over the entire space-time manifold in higher 
dimension with n denoting the dimensionality of the space-time man- 
ifold. The functional integral, in such a case, is defined by taking 
a hypercube divided into a lattice of infinitesimal spacing and then 
identifying the functional integral with a product of ordinary integrals 


of the field values at each of the lattice sites. 


9.2 Relativistic Scalar Field Theory 


With all these preliminaries, let us take a specific form 
of the action in Eq. (9.14). Namely, let us choose a relativistic scalar 


field theory in 3+ 1 dimensions described by the Lagrangian density 


il 2 
L(¢, Ou?) = 9 po" p ar ae al a (9.15) 
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with X > 0.(This condition merely corresponds to the fact that we 
would like the potential to’be bounded from below so that the quan- 


tum theory will have a meaningful ground state.) so that 
S{d] = [ d*z L($, 0,4) (9.16) 


and 
S{d, J] = S{¢] + f d*z J(z,t)4(z,t) (9.17) 


It is worth noting here that the Lagrangian can be obtained from 
the Lagrangian density in Eq. (9.15) by integrating over the space 


variables as 
L= [dx L(¢,0,¢) (9.18) 


This theory is quite similar (see Eq. (4.63)) to the anharmonic os- 
cillator which we discussed earlier except that it is a relativistic field 
theory invariant under global Poincare transformations. This is a self- 
interacting theory which can describe spin zero particles with mass m. 
The Euler-Lagrange equations following from the action in Eq. (9.17) 
take the form 

65{¢, J] 

59(z) 


= 0,0"d + mo + +’ — J(xz) =0 (9.19) 


Here we have chosen to represent the space-time variables in a com- 


pact notation of z for simplicity. Commonly, this theory described by 
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the action in Eq. (9.17) or by the dynamical equations in Eq. (9.19) 


is also known as the $*-theory. 


In the absence of interaction, namely, when A = 0, the 
action in Eq. (9.17) is quadratic in the field variables and hence the 
generating functional can be evaluated in much the same way as in 
the case of quantum mechanical systems (see chapters 2, 3 and in 
particular, 4). However, let us first define the Feynman Greens func- 
tion associated with this theory. The equation satisfied by the Greens 


function is 


(0,0" + m?) G(x — 2') = —6*(z — 2’) ~ (9.20) 


Defining the Fourier transforms as 


G(z-2') = (= a G(k) ett (2 — @) 


S(z—2') = (an ay {tee eth: (z — 2’) (9.21) 


and substituting these back into the differential equation, Eq. (9.20), 


we obtain 


Bi 
(27)? 


(—k? + m?) G(k) 


or, G(k) 


9.2. RELATIVISTIC SCALAR FIELD THEORY 229 


Here we are using the scalar product for the four vectors with the met- 
rics introduced in Eqs. (14) and (1.4) and k? represents the invariant 
length square of the conjugate four vector k*. The Feynman Greens 
function or the propagator is, then defined following Eq. (3.75) as 
d*k ih —ik-(z —2') 
eae t z= H 2 
oc ) lim (27)* k? — m? + te ; 8) 
We can also think of the Feynman Greens function as satisfying the 
differential equation (see Eq. (3.76)) 


lim, (0,0" + m? — ie) Gp(z — 2') = —6*(z — 2’) (9.24) 


Going back to the generating functional in Eq. (9.14), we 
note that for the present case, if \ = 0, then we can define 
1 
—So{z, J 
Z{J] = N [Do eh ale J] 


© f de (=8,69"6 - m9? 4 Je) 
ee N [ Doeh at 2 


i i 1a 
[Dee h { ata (50(8,0"+m)d-J8) og 95) 


with Sox, J] representing the free, quadratic part of the action. The 
field, ¢(Z, t), is assumed to satisfy the asymptotic condition 


pe g(z,t) —+0 
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Furthermore, the normalization constant, N, for the path integral is 


normally chosen such that 
Z(0| =1 


Let us note here once again that the integral in Eq. (9.25) should 
be properly evaluated by rotating to Euclidean space as discussed in 


section 4.1. Alternately, we can also define 


© f dtz( (5{(0,0" + m? — ie)d — Jo) 


Zo{J| = lim N [Dee oh (9.26) 
If we now redefine the variable of integration to be 
$(z) = $(z) + f d’z! Gp(z - 2') J(2') (9.27) 


with Gy defined in Eq. (9.23), then, we obtain 


im [ dte 5 =$(0,0" + m? — ie)d 


im 


e— 0+ 


lim [ d*z 5(¢(2) + [ d'z'Gp(x — 2')J(2'))(d,0" + m? — ie) 


x (P(r) + jae Gr(a — 2") J(z")) 


fim fate |59(2)(0,0" + me? ~ ie)(z) - J(2)4(z) 


'e—0t 


= [d'2! I(2)Gp(2 - 2')J(2'| (9.28) 
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where we have used Eq. (9.24). Substituting Eq. (9.28) back into the 
generating functional in Eq. (9.26), we obtain (Note that the Jacobian 
for the change of variable in Eq. (9.27) is trivial.) 


Zo(J] 
= lim N [Doe 5 [ 25 912)(0,9" + m? — se}8(2) ~ (2) (2) 
— im eae Sadie! H(x\Gr(e-2')J(2! 


ci van k [#20 + 


N +m)? 


= 5 If dz d*z' I(x)Gp(x - 2')J(2') 


oa ff dtzdte' J(z)Gp(x - 2')J(z') 


Z (0) (9.29) 


Here we have used a generalization of the result in Eq. (4.2) for a field 
theory. 


As in the case of the harmonic oscillator, we note that 


when A = 0, 
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(0|4(z)|0) 


(0|T(4(z)4(y))10) 
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(—ih) 


-5 f dts! Gr(z — z')J(z'))Zo[J] ia 


Zo(J] 

0 

(—it)? _ 6*ZolJ] 

ZolJ] 6F(z)6F(y) |z<0 

CM (-7Gre WZ 

ihGp(z — y) (9.30) 


Namely, we obtain once again the result that the Feynman propagator 


is nothing other than the time ordered two point correlation function 


in the vacuum (see Eq. (4.62)). 


Just as the path integral for the anharmonic oscillator 


cannot be evaluated in a closed form, the ¢*-theory does not also 


have a closed form expression for the generating functional. However, 


we can evaluate it perturbatively at least when the coupling is weak. 


We note that we can write (as we had also noted earlier in Eq. (4.68) 


in the case of the anharmonic oscillator) 


d(x) — 55 (9.31) 
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when acting on the free, quadratic action So[¢, J]. Therefore, we can 
rewrite the generating fanctional of Kq. (9.13), in the present case, 


also as 


1 eae) ” m?* p 


*(x) ) xSel6s I 


N [Dole ania 


i ix, SOE 
N[D¢6(e 4h oe et cry 5 5 Salts J 


-, — ae f dts (-it a fo +56, 


d*z ( th 4 
cant J(z) ) ZolJ] (9.32) 


Once again, we note that this is very analogous to the result obtained 


in Eq. (4.69) for the anharmonic oscillator. 


A power series expansion in A for the generating functional 
in Eq. (9.32) follows by Taylor expanding the exponential involving 


the interaction terms. Thus, we have 
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2{J] 


ll 
btn | 
is 


ih® open oe 1 tien, 
“a 7572) ta at? 


54 
x(f dt ae Mf assay) + ole 


jARe ioe XR: 
Zao ae Ce at ala 


6 8 
x (fd ae "SiG t | 
xen | [ dns dea I(2s)Gr (es — 22)J (2\9 33) 


To obtain a feeling for how the actual calculations are carried out, let 
us derive some of the Greens functions to low orders in the coupling 
constant for the ¢‘-theory. Let us recall from Eq. (4.50) that, by 


definition, 


(0|T(0(21)(22) --- 4(zn))|0) 
_ (-iay é"2[J] 


Z[J] 5F(a1)6I(a2)---6I(@n)| 5, ed 


Furthermore, from the symmetry of Z[J] in Eqs. (9.29) and (9.32) 
(namely, from the fact that it is invariant under J + —J), we conclude 
that the vacuum expectation value of the time ordered product of an 


odd number of fields must vanish in this theory. In other words, 
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(0/T(o(x1) aa $(Z2n+1))J0) 4 


- (—1h 7? elgg “Al 


5 Alc we ae Ber 


J=0 


Consequently, only the even order Greens functions will 
be nontrivial in this theory and let us calculate only the 2-point and 
the 4-point functions upto order A. By definition, 


_ (ih)? ZI] 
(0/7(O(21)$(z2))|0) = Z[F| BF(e)6I(22)|,-, (9.36) 
Keeping terms upto order X, we note from Eq. (9.33) that 
PN 54 
Z{J] = Zo[0] A - [ate 57%) 
ra aay d‘z,d* @2J(z1)Gr(r1 — £2) J (x2) (9.37) 


To evaluate this, let us note that 


&2 kar // d‘z,d*z, J(r1)G p(y i 22)J(Z2) 
6s 7 (az) 


6 1 4 
= 7a) Pall «3G p(z — 23) J(z3)) 


ae = If d*xyd*22J (x1) r(x1 2 2) J (2) 


[-+G5(0) 
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Sea d‘23G p(z — 23)J(z3))(/ d‘z,Gp(z — 24) J(z4))] 


ah ae d‘z,d‘22J(z1)Gr(z1 _ r2)J(xr2) 


xe 2 (9.38) 


With some algebraic manipulations, this, then, leads to the result 


(i ———s 2h =I d'x,d° 22J(x1)Gp(z1 — £2) J (22) 
6J7(z) 


: &2 62 Be d‘r,d*r.J z1 G ee Tae 
leaker an (21)Ge(v1 — #2) J(22) 


[ae [-4Gr Gr(0) 
ee d*z3G p(x — z3)J(23))(/ d*x4G p(x — 24) J(z4)) 


) 


II 


tal/ d‘z3G r(x — z3)J(z3))( f d*r4Gr(x — 24) J(x4)) 
xi aie — 25) J(zs))(f d*rsGr(2x — 26) J(z6))] 


xe or f tx, d*2,I (24)G r(21 — 22)J (22) (9.39) 


Putting this back into Eq. (9.37), we obtain the generating 


functional to linear power in A to be 
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Z(J] = Zo[0] (1 + —Gr(0 (0) f. d‘x 
d 
+4Gr(0) f dz (f d‘23G r(x _ r3)J(x3))( f d*24G r(x — 24) J(z4)) 
1X 
a [datz (f d’z3G p(x — 23) J(z3))( [ d’xgG r(x - 24) J(z4)) 
x (f d'zsGr(z — 25)J(xs))(f d*zeGr(2 — 26)J(z6)) ] 


Var // d*z,d*xJ(21)Gr(x1 — £2)J (22) (9.40) 


It now follows that 
Z[o| = Zo[0] (1 + “S"Gr(0)Ge(0) f az) (9.41) 


This is clearly divergent and as we have argued earlier, the divergence 
can be absorbed into the normalization constant. From Eq. (9.40) we 
can also calculate to linear order in 4 


6Z[J] 
6J(21)6J (22) 


v6 


= Zal0) [a+ Men(oyee(o) f ate) —;Gr(a - 22) 


+Ace(0) [ateGr(e—21)Gr(z-22)| (9-42 
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Therefore, to linear order in \, we obtain 


(0|T ($(21)(x2))|0) 
(~ih)? 6 2Z{[J] 
Z[J] 5J(x1)6J (22) 


h? 
~ Zo{0} (1 + BG r(0)Gr(0) f dtz) 
2410) [(1+ SG (0)G(0) f d*e)(-ZGr(e1 - 22)) 


FE +Gr(0) [ate Gp(z — 21)Gp(2 - z2)| 


I2 


—h? [-= Gla —2z2)+ *G5(0) [ d'=Gr(2 — @;)Gp(z —- 22) 
wena ey — ~*Gr(0) [dteGp(z — 21)Gr(z - 22) (9.43) 


Here in the second term, we have only kept the leading order term 
coming from the expansion of the denominator since we are inter- 
ested in the 2-point function upto order A. We note that the first 
term is, of course, the Feynman propagator for the free theory de- 
fined in Eq. (9.23). The second term, on the other hand, is a first 
order quantum correction. It is worth pointing it out here that Gr(0) 
is a divergent quantity as we can readily check from the form of the — 
propagator. Thus, we find that the first order correction to the prop- 


agator in this theory is divergent. This is, indeed, a general feature 
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of quantum field theories, namely, the quantum corrections in a field 
theory lead to divergences which are then taken care of by what is 


a. 
commonly known as the process of renormalization. 


Next, let us calculate the 4-point function upto order \. 
To leading order, we note from Eq. (9.40) that 


64Z[J] 
bJ(x1)bJ(x2)6J(x3)6 J (24) 


v=0 

trAA 
8 

+Gr(z; — 23)Gr(z2 — 24) + Gp(z; — 24)Gp(x2 — 23)) 
iX 


~ 5p Gr (0) / d‘z {Gr(x, — z2)Gr(z a r3)G r(x a z4) 


= Z,(0] p(t + 2@5(0)Gr(0) f d*e)(Gr(21 — 22)Gr(as ~ 24) 


+Gip(x, — 23)Gr(e — 22)Gr(2 — 4) 
+Gr(x; — 24)Gr(z — 22)Gp(z — 25) 
+Gr(z2 — 23)Gp(z — 21)Gp(z — 24) 
+Gp(a2 — 24)Gp(z — 21)Gp(z — 23) 
@r(ay = 2.1G r(x — 2;)Cr(z — =,)} 


-= [ tteG p(x - 21)Gr(x — 22)G p(x — 25)Gr(a - 24)] (9.44) 
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Substituting this back into the definition of the 4-point function in 
Eq. (9.34) and keeping terms only upto order A, we obtain 


(0|T'($(21) (22) b(z3)b(z4))|0) 


(—ih)4 64Z[J] 
Z(J] 6J(21)6J(x2)6J(x3)6 J (x4) J=0 


‘= —h?(Gp(21 — 22)G (23 — 24) + Gr(21 — 23)Gr(z2 — 24) 
+Gp(z1 — t%4)Gr(z2 — 23) 
sea) [ ate {Gp (a1 - 22)Gp(2 — 23)Gr(2 - a 
+G p(x, — 23)Gp(z — 22)Gp(z — 24) 
+Gp(2 - 24)Gr(2 - 22)Gr(2 ~ 23) 
+Gp(z2 — 23)Gp(z — 2)Gr(z — 24) 
+Gp(x2 — 24)Gp(z — 21)Gp(z — 23) 
+Gp(z3 — 24)Gr(z—21)Gr(z—22)} — ~—«(9.48) 


~irn' [dzGr(x — 21)Gpr(z — r2)G p(x — 23)Gr(z — 24) 
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9.3. Feynman Rules 


These itsesieoritt calculations are enough to convince 
any one interested in the subject that a systematic procedure needs 
to be developed to keep track of the perturbative expansion. The 
Feynman rules do precisely this. Let us note that the basic elements 
in our ¢*-theory are the Feynman propagator for the free theory and 


the interaction. Let us represent these diagrammatically as 


“3 iD a ate ih Gr(z1- Z2) 


T} r4 
= = = V(z1, 22,23, 24) 


i §45(¢] 


= Fi 56 (@i)64(22)56(@3)68(ea) |p» — 


_ — | dte6(2 — 21)6(x — z2)6(xz — 73)6(x — x4) 


The interaction vertex is understood to be the part of the graph with- 
out the external lines or the propagators. It is clear that given these 
basic elements, we can construct various nontrivial graphs by joining 
the vertex to the propagators. Let us further use the rule that in eval- 
uating such graphs, we must integrate over the intermediate points 
where a vertex connects with the propagators. With these rules, then, 


we can obtain the value for the following simple diagram to be 
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us Mn 


Zi; ¥Y1 92 r2 


= [ dyrd*ysd*ysd* ysthG r(x — y, )thG' p(y2 — 22) 


Pas thG r(ys a ys)V (4, Y2, Y3; ys) 


(ih)" [ dtyd*ydtyad*ysd*ysG r(a1 — y1)Gr(y2 — t2)Gr(ys — ya) 


«(Naty — yi)5(y — y2)d(y — ys)d(y — ya)) 


-\A?Gp(0) [ d*y Gr(z1 — y)Gr(y — 22) (9.47) 


There is one final rule. Namely, that if the internal part of a diagram 
has a symmetry, then the true value of the diagram is obtained by 
dividing with this symmetry factor. For the present case, the internal 
bubble in the diagram for Eq. (9.47) is invariant under a rotation by 
180°. The symmetry factor, in this case, is 2} = 2. (The symmetry 
factor for a Feynman diagram is the most difficult to determine by 
naive inspection and should be obtained through a careful evaluation- 
when necessary, going back to the Wick expansion of field theory.) 
Dividing by this factor, we obtain the value of this diagram to be 


2 
;, = — Ge(0) f d's Gp(xz1 — )Gp(z — 22) (9.48) 


' which we recognize to be the first order (linear in \) correction to the 


propagator in Eq. (9.43). 
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Each such diagram that can be constructed from the basic 
elements in Eq. (9.46) i is known gs a Feynman diagram of the the- 
ory and corresponds to a basic term in the perturbative expansion. 
Thus, for example, we now immediately recognize from Kqs. (9.43) 


and (9.45) that upto order \, we can write 


= 2 path 


(0|7'(¢(21)(22)(z3)(24))|0) 


Tj ry T4 
= 2 ar i %3 
23024 nee pe eee 
+2 gtz tT} 4 
2 04 pnd pel See 
+2, L4 ate £3 r4 
Tt} T4 
mers 


(9.49) 
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9.4 Connected Diagrams 


The Feynman diagrams, as can be seen from the diagrams 
in Eq. (9.49), clearly consist of two classes of diagrams - one where 
each part of the diagram is connected to the rest of the diagram and 
another where parts of the diagram are disconnected. The Feynman 
diagrams, which consist of parts that are not connected to one an- 
other, are known as disconnected Feynman diagrams. It is clear from 
the above simple example that the generating functional Z[J] gener- 
ates Greens functions which contain disconnected diagrams as well. 
As we have discussed earlier (see the discussion following Eq. (4.51)), 
the logarithm of Z[J] generates Greens functions which contain only 
the connected diagrams (otherwise known as the connected Greens 
functions) and these give rise to the physical scattering matrix ele- 


ments. Namely, 


WJ] = —ihln Z(J] (9.50) 


penerates connected Greens functions. We note from Eqs. (9.50), 
(9.34) and (9.35) that 


swiJ]| th SZ] 
63 (x1) ~ ZF] 5F(z1)|)-9 (0|6(z1)|0) 


(9.51) 


J=0 


Similarly, for the two point function, we obtain 
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eae 
6S (21)b I (22)| 5_, 
= (in)? a “ 8ZUI) 1 68[s] 62] 
Z[IJ} I (x1)6I (x2) FTN ET - 
= (0|T($(x1)$(z2))|0) — (0|b(21)|0) (0]¢(x2)|0) 
= (0/T(d(z1)$(z2)){0)- | (9.52) 


In a similar manner, with some algebra, it can be shown that 


a 
OE STRIATE 


(0|T( (x1) P(z2)b(xs))|0) — (0|P(z1)|0) (0|7(d(z2)4(zs))]0) 
(0|¢(z2)|0) (O/7(9(23)b(z1))|0) — (O[d(zs)|0) (O/T (o(21)4(z2))I0) 
+2(0|6(x1)|0) (0|G(22)|0) (0|¢(zs)|0) 

= (0|T(¢(x1)6(22)(z3)|0)e (9.53) 


and so on. 


We can, of course, check explicitly that the connected 
Greens functions involve only connected Feynman diagrams as fol- 
lows. Note that for the ¢*-theory, as we have discussed earlier in 


Kq. (9.35) 
(04(z)|0) = 0 (9.54) 
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Consequently, upto order \, we note from Eq. (9.52) that 


(O|T(¢(x1)P(z2))|0) = (O/T (P(21)O(z2)) 10). 
ce) X2 . zy ——— (9.55) 


Similarly, for the 4-point function, we have 


(O|T($(x1) (22) (23) (z4))|0)- 
= (0|T((21)$(22)P(z3)G(24))|0) 
—(0|T(P(21)b(x2))|0) (O|T(P(x3)P(z4))|0) 
—(0|T(G(21)$(23))|0) (0|T'((z2)o(24))]0) 
—(0|T'(O(21)$(z4))|0) (0/7 (P(z2)4(x3))I0) 


(9.56) 


Thus, we see that W[J] generates connected Greens func- 
tions. Given this, we can write down the diagrammatic expansion of 


the connected 2-point Greens function upto order \? in this theory 


simply as 
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1-2, 


v2 capes + Ore 


+2,C- 2, aE as 


(9.57) 


The organization of the perturbation series now becomes quite straig- 
htforward. Note that while W[J] generates connected diagrams, it 
contains diagrams that are reducible to two connected diagrams upon 
cutting an internal line. Thus, in the 2-point function represented 
above, the third graph is reducible upon cutting the internal propa- 
gator. Such diagrams are called 1P (one particle) reducible. It is clear 
that the 1P irreducible diagrams are in some sense more fundamental 
since we can construct all the connected diagrams from them. We 
will take up the study of the 1PI (one particle irreducible) diagrams 


in the next chapter. 
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Chapter 10 


Effective Action 


10.1. The Classical Field 


As we saw in the last chapter, the generating functional 
for Greens functions in a scalar field theory is given by 
i i 


gia) =e Yn fpgen SO 


(10.1) 


where W(J] generates connected Greens functions. We note that the 


one point function in the presence of an external source is given by 


6W[J] _ (ih) 6Z[J] | : 
an Zein) =e”) (10.2) 


For the ¢4-theory, we have seen in Eq. (9.35) that this vacuum expec- 
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tation value of the field operator vanishes in the absence of external 
sources (namely, when J = 0). In general, however, let us note that 
we can write 


i i 
—-~P-z 


(1d(z)l0) = (leh d(0)e (0) (10.3) 


where we have identified e~*?* with the generator of space-time trans- 
lations. Assuming that the vacuum state in our Hilbert space is unique 


and that it is Poincare invariant, namely, that it satisfies 


1 
ae oA 
eh ““o) = |0) 
or, P,|0) = 0 (10.4) 


we obtain from Eqs. (10.3) and (10.4) that 


(0|(x)|0) = (0|¢(0)|0) = constant (10.5) 


Thus, from the symmetry arguments alone, we conclude that the one 
point function can, in general, be a constant, independent of space- 
time coordinates. For the ¢*-theory, this constant coincides with zero, 


namely, we have 


(0|P(z)|0) = 0 (10.6) 
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The value of the one point function is quite important in the study of 
symmetries. As we will see later, a nonvanishing value of this quantity 


signals the spontaneous break down of some symmetry in the theory. 


In the presence of an external source, however, the vacuum 
expectation value of the field operator is a functional of the source and 


need not be zero. Let us denote this by 


SW[J] _ (-ih) 6Z[J] _ 
6J(z)  — Z[J] 6 (xz) 


(0|¢(x)|0)” = ¢.(z) (10.7) 


and note that it is indeed a functional of the external source. The field 
¢-(z) which is only a classical variable is known as the classical field. 
To understand the meaning of the classical field as well as the reason 
for its name, let us analyze the generating functional in Eq. (10.1) 
+S{,J] 
ZJJ=N[Doeh™” 
in some detail. Since Z[J] is independent of ¢(x), an arbitrary, in- 
finitesimal change in (x) in the integrand on the right hand side 
will leave the generating functional invariant. Namely, under such a 


change, 
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£514, J] 


6Z[J] = N/Do- +550, Jjeh 


: yssiomi Jy. +SI6, J] 
a = D¢ (f d*z6d(z) ae 
ai (10.8) 


Here we are assuming that the functional integration measure in 
Eq. (10.1) does not change under a redefinition of the field variable. 
(If it does change, then we will have an additional term coming from 
the change of the measure. Such a term plays an important role in 
the study of anomalies.) Since the relation in Eq. (10.8) must be true 
for any arbitrary variation 5¢(z) of the field variable, it now follows 


that we must have 


N [Dé ee esl eb at a6 Ng (10.9) 
This merely expresses what we already know from our study of quan- 
tum mechanics. Namely, that the Euler-Lagrange equations of a the- 
ory hold only as an expectation value equation (Ehrenfest’s theorem) 
or more explicitly, 

bS[¢, J] 


Ol Faz) 


(0)? =0 (10.10) 
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The Euler-Lagrange equation (the classical equation) has 
the generic form (see, for example, Eq. (9.8) or (9.17)) 
6S[9, J] 
ee eae ols\\ — Jic) = 0 10.11 
sary = Flee) - 12) (10.11) 


where the quantity F(¢(z)) depends on the specific dynamics of the 
system and for the ¢*-theory, we note from, Eq. (9.15), that it has 


the particular form 


__ 8516) _ iy op oe 
F(¢(z)) = Fae). = (9,8" + m*)d(z) + 319°(2) (10.12) 
Using Eq. (10.11) in Eq. (10.9), then, we obtain 


5S[¢, J] 5Si6, J] 
6(z) 


-N [D¢——— 
= N[D6(F(@2))-sa)eh = 0 (10.13) 


Let us recall that 


=N [Deo (z)eh ss (10.14) 
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using which, we can write Eq. (10.13) also as 


F(A) - Je)ZU =a 
or, (Fling r=) — Je) alee 
or, Si baes, ; Fa) ~ Te AW 0 
ao FS a) Jee) = 
ai F(b.(2) ~ ihe) — Fe) = 0 (10.15) 


This is, of course, the full dynamical equation of the theory 
at the quantum level. It is quite different from the classical Euler- 
Lagrange equation in Eq. (10.11). But let us note that in the limit 
h — 0, the complete equation in Eq. (10.15) reduces to the form 


F(¢-(x)) — J(z) = 0 (10.16) 


which is the familiar classical Euler-Lagrange equation in Eq. (10211): 
It is for this reason that ¢,(x) is called the classical field. To get 
a better feeling for the quantum equation in Eq. (10.15) as well as 
Eq. (10.16) in the h — 0 limit, let us consider specifically the ¢!- 
theory. In this case, as we have noted earlier in Eq. (10.12), the 
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Euler-Lagrange equation takes the form 


as. 


A 
EXO) —Jiz) = (Oyo m?)d(z) + zi? (2) Jr) = 0 
Consequently, the quantum equation takes the form 


F(¢.(z) — ih ~ J(z) =0 


5a (a) 
or, (0,0" + m?)(¢.(x) — ates 
5 


A : 3 
+35 (Ge(2) — hey — J(z) =0 


or, (0,0" + m*)¢,(zx) + = $3(z) — J(z) 


idh d(x) Ah? 67d,(z) 


“gy Pe(2) ic) BP suey) ee?) 
In terms of W[J], this can also be written as 
n 2» dW{[J]  » (6WlJ]\° 
eS) reas I (sey) ae 
DROW] OW] MHWL] _ | (10.18) 


2! 6J(xz) 6J%{z) 3! 6I3%(z) 


We can think of Eq. (10.18) as the master equation governing the 
full dynamics of the quantum theory. By taking higher functional 
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derivatives, we can determine from this, the dynamical equations sat- 
isfied by various Greens functions of the theory. These equations are 
also known as the Schwinger-Dyson equations and the Bethe-Salpeter 
equations are a special case of these equations. We should note here 
that in quantum field theory, whenever there are products of field op- 
erators at the same space-time point, the expressions become ill de- 
fined and have to be regularized (defined) in some manner. The man- 
ifestation of this problem is quite clear in Eq. (10.18). The equation 
involves second and third functional derivatives at the same space- 
time point which are not at all well defined. One needs to develop a 
systematic regularization procedure to handle these difficulties. The 


discussion of these topics lies outside the scope of these lectures. 


Let us note, on the other hand, that in the limit h — 0, 
all such ill defined terms vanish and we have from Eq. (10.17) 


8,0" + m2) $.(z) + *$3(z) =e (10.19) 


which is the classical Euler-Lagrange equation. Furthermore, let us 
note that we can solve this equation iteratively through the use of 
the propagator defined in Eqs. (9.23) and (9.24) (Greens function) as 
follows. First, we note that the solution for ¢,(z) can be written as 


an integral equation 
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(2) = ~ f d'a! Ge(2~ 2')(I(2!) — 20%(2') (10.20) 


A 

= - f d‘e'Gp(2 — 2')J(2') + 7 [ dz! p(x — 2')$3(2') 

which can be solved iteratively. The iterative solution has the form 
bez)» — il d‘z' Gp(z — 2')J(z') 
+2 fatz'G (x -2')(fdtz"G (x! — eg mt aa ” ) 3 
3! F F £ z aI Ble )y) 
= — [ dtz'Gp(z — 2z')J(z') - Xf dbzyd!zod*esd'2Gr(2 ~— 23) 

x Gp(z) — 22)Gp(z; — 23)G p(x — @4)J (x2) J (x3) J (24) + -°- 


(10.21) 
We can diagrammatically represent this if we introduce a vertex de- 
scribing the interaction of the field with the external source as 


_ i 6S{6,J 
th &¢(z) 


ras ;J(2) (10.22) 


In this case, the iterative solution for the classical field can be written 


diagrammatically as 


1 
¢.iz) = 5 + 3 —< 
i >< sie (10.23) 
Res 
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In other words, the classical field in the limit h — 0 generates all the 
tree diagrams or the Born diagrams. It is, therefore, also known as the 
Born functional or the generating functional for tree diagrams. The 
combinatoric factors cancel out when taking functional derivatives of 


dé. with respect to sources and we obtain the n-point tree amplitudes. 


10.2 Effective Action 


The classical field, as we have seen in Bq. (10.7), is defined 

as 
bW[J] 
5J(zx) 


= $-(z) 


This relation indicates that the variables J(z) and ¢,(z) are in some 
sense conjugate variables. As we have argued earlier, the classical field 
is a functional of the source J(x). However, we can also invert the 
defining relation for the classical field and solve for the source J(z) 
as a functional of ¢,(z) at least perturbatively. In fact, let us define 


a new functional through a Legendre transformation as 
l[de] = WJ] - f atx J(z)d.(z) (10.24) 


It is clear, then, that 
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Tle] _ ald fay fll 


— fatyMUN ETO) _ pgs, Sy) WL) 5, 
= fv si) sede) 1 “aay arg) 7 
. Ted _ _ 5, 
» Sta) = 77) (10.25) 


In this derivation, we have used the chain rule for functional deriva- 
tives as well as the definition of the classical field. We note that 
Eq. (10.25), indeed, defines the source as a functional of the classical 
field and has the same structure as the classical Euler-Lagrange equa- 
tion for a system in the presence of an external source. Let us recall 


from Kas. (10.11) and (10.12) that it is given by 


Se 
Fala) = 22) (10.26) 


It is for this reason that I'[¢,] is also known as the effective action 


functional. Note that as we have discussed earlier in Eq. (10.5), when 


J —0 @-(x) —> constant 


In the framework of the effective action, we see from Eq. (10.25) that 


the value of this constant is determined from the equation 
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bl [de 
b¢-(z) $-<(z)=const. 


—— 


=) | (10.27) 


This is an extremum equation and is much easier to analyze to deter- 


mine whether a symmetry is spontaneously broken. 


To understand the meaning of this new functional, I'[¢-], 
let us note that if we treat ¢,(x) as our independent variable, then we 


can write. 


6 ry Sb-(y) 6 
bI(z) fe 6J(x) 5¢-(y) 


Using this in Eq. (10.25), then, we obtain 


5 see] ; 
5I(y) 5d-(2)’ = —o(z-y) 
or, [diz my STW) 2. SE Se See oe 


y)bJ( 5] (y)bJ(z) 5-(z)6¢-(x) 


Introducing the compact notation 


wo) — wi 
6J(z1)---dJ (rn) 
rm) — ___ Sg] (10.30) 


6¢-(21) sneie 6-(2n) 
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we can write Eq. (10.29) also in the compact form (We can view this 
as an operatorial equation where the appropriate coordinate depen- 


dences will arise by taking matrix elements in the coordinate basis.) 


Wp) — —]1 (10.31) 


We recall from Eqs. (9.30) and (9.52) that the full propagator of the 
theory is defined to be 


We) _,=-G (10.32) 


Furthermore, recalling that when J = 0, o-(x) = ¢ = constant, we 
have from Eq. (10.31) 


I} 
| 
— 


Ue ae 


Il 
— 


or, GT), (10.33) 


In other words, [ (2)| é is the inverse of the propagator at every order 


of the perturbation theory. Thus, writing 


PO = 0p) +2 = Gs +2 (10.34) 
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where © denotes the quantum corrections in re) | g.> We have from 


Eq. (10.33) 


G(iGz- +2) = 1 
1 
a mee 
] 1 i 1 il 1 
— 222. 2892) jee ee eae 
Ge GloCs "Ge Gy aa 
= Grp —GpU¥Gr+GrU0GruGrt::: (10.35) 


Introducing the diagrammatic representation 
23 =~) (10.36) 


we have the diagrammatic relation for the propagator as 


Q- =,—,+,O-, 
tOO,t . (1087) 
It is clear from the above relation that D is nothing other than the 


1P irreducible (1PI) 2-point vertex function. It is also known as the 


proper self energy diagram. 
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Given the relation in Eq. (10.29) 


iG Sew} &Ti¢,] 


* 6F(y)5I(z) 60:(2)50-(2) Fa) 


we can differentiate this with respect to Hn to obtain 


EW [J] &’T[d.] 


/ “6I (w)5I(y)6I(z) 5d.(2)50-(2) Bet 


ew] ST [4] eW{J] 


=~ [et oS 51a) Aa \6RLO) BT (0)BIC) 


Recalling that 
wp) — _1 


we can also rewrite this equation as 


SW [J] 
6J(x)6J(y)6J(z) 
ate SW _ OWL) WL 
= [ae d*y d‘z 6I(2)6J(2") bT (yb (y') 6F(z)5I(z') 
5 [bc] (10.39) 


* 6G<(2")5b-(¥')5¢e(2') 


In compact notation, we can write this equation also as 


w®) — wAaw@pwlpe) (10.40) 
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Furthermore, introducing the diagrammatic representations, 


ao = -th W)(a, he. 
A (—ih)? W®)(z, 2) a 
a : PO(z,y,z)|, oa 


we note that Eq. (10.39) or (10.40) can also be diagrammatically 


represented as 
© 
is 
- a Zz ; (10.42) 
y 
y 


This shows that Pr) é gives the proper 3-point vertex function (in 
other words, it is 1PI). 


A similar calculation for the 4-point connected Greens 


function leads to the diagrammatic relation 
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© we w 
r w ; 
YK = + + permutations 
y 2 
(10.43) 
y ay z 


Thus, we see that we can expand the effective action functional as 
l[¢¢] = x d*z,---d*z,— STM (a, --- -,En)|y $e(21) ++ belan) 
(10.44) 


where (we are assuming ¢, = 0 in the above expansion) 
(n)(m,... 
ype (an 1Zn)| 


is the proper (1PI) n-point vertex function of the theory. It is for this 
reason that I'[¢,] is known as the 1PI generating functional. Let us 
note here that the 1PI vertex functions with suitable external wave 


functions lead to the scattering matrix of the theory. 


Since I'[¢,] is an effective action, it can also be expanded 
alternately in powers of the derivative or momentum like the classical 


action. Thus, since the tree level action has the form 


Z A 
Sid] = | d'2(56,00"4 — "9? — 244) 
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we expect to be able to write I'[?,] also in the form 


|= [de (- Ver ¢(Pe(2)) + 5A (el #)) Otel) O"de(2) BL) 
(10.46) 


where the terms neglected are higher order in the derivatives. Let us 
recall that when the sources are set equal to zero, then the classical 
field takes a constant value ¢.(z) = ¢,. In this limit all the derivative 
terms in the expansion in Eq. (10.46) vanish, leading to 


P(t] = — f de Vess(Ge) = —Vess(bc) [ da (10.47) 


In other words, in this limit, the effective action simply picks out 
the effective potential including quantum corrections to all orders. 
The quantity fd*x which represents the space-time volume is also 


conventionally written as 
[ diz = (2n)*6*(0) (10.48) 


Let us also note that the constant value of ¢, = (¢) when the sources 


are turned off is obtained from the extremum equation in Eq. (10.27) 


= (10.49) 
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In terms of the effective potential, this condition becomes equivalent 


to 


t 
a. 


OV. + ¢($c) 


=0 (10.50) 
O¢. b-=($) 


which is a familiar extremization condition from the study of classical 
mechanics. Note here that since ¢, is an ordinary variable (namely, 
it does not depend on space-time coordinates), only ordinary par- 
tial derivatives are involved in the above extremum condition. In 
this sense, this equation is much easier to analyze than a functional 
equation. We also note that the renormalized values of the masses 
and the coupling constants (including all quantum corrections) can 


be obtained (in this theory) from the effective potential simply as 


Vers 


2 
— mp 
O¢; ¢-=(¢) 
AV, 
oe = Ap (10.51) 
c $-=(¢) 


The study of the effective potential is, therefore, quite important. It 
is particularly useful in analyzing when the quantum corrections can 


change the qualitative tree level or classical behavior of a theory. 
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10.3. Loop Expansion 


We have already described the Feynman rules in the co- 
ordinate space. However, for most practical calculations, it is quite 
useful to work in the momentum space. The Feynman rules can be 
readily generalized to the momentum space given the rules in the co- 
ordinate space. (This simply involves taking Fourier transforms.) For 
the ¢!- theory, for example, the momentum space Feynman rules take 


the form 


ih 
—-—— = ihG = ih 
ihG r(p) os ey 


ir 
a 5*(py + po + p3 + ps) 
(10.52) 


In evaluating a Feynman diagram, we should integrate over the inter- 
mediate momenta, namely, the momenta of the internal propagators. 
Thus, for example, let us evaluate the 1PI 2-point vertex function at 
order X. 


According to our rules, we obtain 
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1/ id\\ 7 dk ih 
7) - | (Qn) RF - — m? 5°(Pi — po + k - k) 
A. a 1 
= ae eye pay oa (10.53) 


Note that the factor of ; in front of the integral in Eq. (10.53) simply 
corresponds to the symmetry factor of the diagram which we discussed 
earlier. In writing the propagator, we have not explicitly included the 
ze term although it should always be kept in mind in evaluating the 
integral. We will discuss the actual evaluation of the integrals later. 
For the present, let us simply note that the calculations indeed take 


a simpler form in the momentum space. 


Let us next recognize from the form of the exponent in 
the path integral that the quantity which determines the dynamics of 


the system is 
“£4 0,9) = +(50 0,90" > — mo = A 5) (10.54) 
hoe e2 4! 


The Planck’s constant which measures the quantum nature of an am- 
plitude comes as a multiplicative factor in the exponent. As we have 
seen in Eqs. (9.46) and (10.52), the consequence of this is that each 
vertex has a factor of ; associated with it. On the other hand, the 
propagator which is the inverse of the operator in the quadratic part 


of the Lagrangian, comes multiplied with a factor of h. Thus, sup- 
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pose we are considering a proper vertex diagram (1PI diagram) with 
V vertices and J internal lines or propagators, then the total number 


of f factors associated with such a diagram is given by 


P=I-V (10.55) 


In other words, such a diagram will behave like ~ he 


Let us also calculate the number of independent momen- 
tum integrations associated with such a diagram. First, let us note 
that in a proper vertex diagram, there are no external propagators or 
legs. Second, all the momenta associated with the internal lines must 
be integrated. Since there are J internal lines, there must, therefore, 
be J momentum integrations. Of course, not all such momenta will be 
independent since at each vertex there are momentum conserving 6- 
functions. Each such 6-function will reduce the number of momentum 
integration by one. Since there are V vertices, there will be as many 
momentum conserving 6-functions. However, we will need to have an 
overall momentum conserving 6-function for the amplitude. Hence, 
the 6-functions will effectively reduce the number of momentum in- 
tegration by V — 1. Therefore, the number of independent internal 


momentum integrations will be given by 


L=l-(V = et ee (10.56) 
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But the number of independent momentum integrations precisely 
measures the number of léops in a diagram and from the above re- 
lation we note that the number of loops associated with a diagram 
is related to the power of ft associated with a diagram. In fact, the 
number of loops exceeds the power of h by one. Therefore, expanding 
an amplitude in powers of fi is also equivalent to an expansion in the 


number of loops. 


The loop expansion provides a valid perturbative expan- 
sion simply because fi is a small quantity. This expansion is quite 
useful and is very different from expanding in powers of the cou- 
pling constant. This follows mainly from the fact that the expansion 
parameter, fi, multiplies the entire Lagrangian. Consequently, it is 
insensitive to how we divide the Lagrangian into a free part and an 
interaction part. The loop expansion is, therefore, uneffected by any 
such separation. This is particularly useful if the theory exhibits spon- 
taneous symmetry breakdown in which case, as we will see later, the 
vacuum expectation value ¢, = (¢) becomes dependent on the cou- 
pling constants of the theory. Shifting the fields around such a value 
complicates perturbation in powers of the coupling constants. How- 
ever, as we have argued, the loop expansion is uneffected by such a 


shift. 
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10.4 Effective Potential at One Loop 


Let us next calculate the effective potential for the ¢*- 


theory at one loop. In this case, 
1 m? A 
— f Aare = Dieses 
Sid] = [ dz (50,00"4 - 4" ~ 50") 


As we have seen earlier in Eq. (10.26), in this case, the classical dy- 


namical equations are given by 


5S{¢] 


~ F(z) = (0,0" + m*) d(x) + “o(2) = J(z) 


Furthermore, we note from Eq. (10.17) that the classical field, ¢,(z), 


satisfies the equation 
wm 2 A 3 
(8,0" + m)4.(z) + 59%(2) 


= 5¢-(2) Ah? 62¢,(z) 
b-(2) 5 6J(xz) 3! 6J2(zx) 


= J(z) (10.57) 


If we now use the relations (see Eqs. (10.7) and (10.25)) 


Tit) _ 

6¢-(z) 
6o-(z) ___ WJ] 
Gy Sasa. ae (10.58) 


—J(z) 
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and remember that we are interested only in one loop effects, then 


keeping terms up to linear power in fi, we obtain from Kq. (10.57) 


(5,0" + m")6.(2) + 5 2(2) — Fale) Spare + O10) 

_ _ 0 [ge 

~ bge(x) 

1, = + a b(a)G(2 — 2,4.) + 0(R%) 

_ _ Td 

5¢,(z) 
see o(2)G0,4.)+ Of?) (4015) 

or, 5¢-(z) c c 2 c 9 Cc 
Now, if we expand the effective action as 

P[de] = S [pe] + 451[¢.] + O(h’) (10.60) 


then, Eq. (10.59) gives 
& idvh 


oes ea be) Ole 
5.2) (MSildel) + OCF?) g Pe(=)G(0, be) + O(F") 


Therefore, to linear order in h, we can consistently write 


6S; [$c] Re. tA r 
Flay = 7g POPE 4.) 


(10.61) 


(10.62) 
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From the structure of the action (see Eq. (10.46)) 


Siled = f dx (-Vi(oe(z)) +--+) (10.63) 
we obtain 
6S [dc] OV; | 
= - 10.64) 
5$c(2) |y.(2)=6. O%c 
Thus, if we restrict to ¢.(z) = ¢, = constant, then Eq. (10.62) takes 
the form 
OVi(¢c) iA 
———_—_— == 10.65 
O¢- 9 $-G(0, bc) ( ) 


Let us note that although the Greens function G(z—y, ¢<) 
can itself have a power series expansion in fi, consistency requires that 
we only use the lowest order expression for the Greens function in the 


above equation. Furthermore, noting from Eq. (10.29) that 


[ats ST lb.) &WlJ] 


*59,(a\bb-(2)8I(@)bI(g) OY) 


to the lowest order of the Greens function that we are interested in, 


this relation gives 


“fae 5? _ &Slb) 


Soa), ee Bi) 


d 
or, [ d*z((0,0" + m? + 5d2)64(a — 2))G(z ~ 9, b<) = —64(2 —y) 


10.4. EFFECTIVE POTENTIAL AT ONE LOOP 275 


A 
or, (3,0" +m! + >$2)G(z — y, b.) = —64(z — y) 
or, (0,0% + mi,,)G(x — y,¢) = —6*(z — y) (10.66) 


Here we have used the form of the action from Eq. (9.15) as well as 
Eq. (10.32) and have defined 


A 
2) Sone? 2 
Mee = mM" + 5 Pe | (10.67) 


The Greens function can now be trivially determined and 


as we have seen before in Eq. (9.23) has the form 


4 6 
d'k 1 e tk: (z — y) 


G(z — y,¢) = = (Qn)'k? — mi, | (10.68) 


Substituting this back into Eq. (10.65), we obtain 


BVi(g-) _ ir eae ae 
Og. Tas 2%! Gayla, 
1A pbc CT 
or, Vild.) = > [ dbede [ i 


Here, we are assuming that Vi(¢, = 0) = 0. If that is not true, then 
we have to add a constant term to the above expression. The one 


loop correction to the potential can now be determined by going over 
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to Euclidean space and doing the integral. First, we note that if we 


interchange the orders of integration in Eq. (10.69), we obtain 


be 
Vilgey = lon (an * f Dee oe 
_ ip dtk pee (392) 
~ or Ag? + m? — k? 
bc 
= 2 tap eg 


= Ag? as m? = k2 
= > sla - 1 (10.70) 


k2 


Now, rotating to Euclidean space (see section 4.1), we obtain 


id‘kp n(% +m? + kh 


UG) ay (27)4 m? + ki = 
lig oO 4g? + m? + ki 
=i I aye kedke a(t ) (10.71) 


Since the integrand does not depend on the angular vari- 


ables, the angular integration can be done trivially and has the value 


| tere (10.72) 
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so that we have 


m2 k2 
Va = -2n A ey 2 
i(¢c) = [Pa Hk Le nearer, 
= se ag k2 n( ete + Be (10.73 
at ee ne ke 2 
Defining 
a = ki, (10.74) 


we note that the effective potential at one loop takes the form 
i oo 
Vi(te) = a5 [Pda x(1n(z + my) — I(x + m?)) (10.75) 


Clearly, the integrals are divergent and, therefore, we have to cut off 


the integral at some high momentum scale to obtain 


Vi(Pe) 


A? 
ee dz x (In(x + m2,,) — In(x + m’)) 


1 MN i| 


I2 


m1 


ley teieat A — IA + —-(inmts)} 
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= apgallmey, mya = oa a 
+ L(y Melt — %) — tn a) 
= Ayes? -Setemt + Anns - Ean — 5) 
+5(m? + +2)" (In (mi ae = By) (10.76) 


Here we have introduced an arbitrary mass scale, p, to 
write the expression in a meaningful manner. Note that the one loop 
potential, as it stands, diverges in the limit A -+ co which is the 
physical limit for the true value. This brings out one of the essential 
features of quantum field theory. Namely, point-like interactions nec- 
essarily induce divergences simply because the Heisenberg uncertainty 
principle, in this case, allows for an infinite uncertainty in the momen- 
tum being exchanged. This necessitates a systematic procedure for 
eliminating divergences in such theories. This is known as the renor- 
malization theory which we will not go into. Let us simply note here 
that up to one loop, then, we can write the effective potential of the 


¢'-theory to be 


VaV+V (10.77) 
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Chapter 11 


Invariances and Their 


Consequences 


11.1 Symmetries of the Action 


Let us continue with the ¢*-theory and note that, in this 


case, we have 


So] = [ d*z (4, 0,4) (11.1) 


where the Lagrangian density has the form 
1 m? r 
L£(o, Bub) = 59,00" — at - a? (11.2) 


We can write the action in Eq. (11.1) also in terms of the Lagrangian 


281 


282 CHAPTER 11. INVARIANCES AND THEIR CONSEQUENCES 


in the form 


S[¢] = f dt L (11.3) 


where 


L= [dz L($,0,¢) (11.4) 


Given this theory, where the basic variables are the fields 
¢(x), we can define the momentum conjugate to the field variables in 


a straightforward manner as 


I(x) = ——~ = d(z) (11.5) 


This is the analogue of the relation between the momentum and ve- 
locity in classical mechanics, namely, p = z (for m = 1). In quantum 
field theory, in operator language, this then is the starting point for 
quantization. However, in the path integral formalism, we treat all 
variables classically. Therefore, let us analyze various concepts in the 
classical language. First, let us note that given the Lagrangian in 
Eq. (11.3), we can obtain the Hamiltonian through a Legender trans- 


formation as 


fh [@e II(x)¢(x) — L (11.6) 


In the present case, we can write this out in detail as 
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a 
i 


[ & x (W(z)d(2) — 58a) + Volz) - Volz) 


+7 4%(2) + 244(2)) 


Il 


m2 
[ox(5I(2) + 5Vo- Vola) + ba) + 24"(2))(11.7) 
Sometimes, this is also written as 
H=/[@e (262(2) + 29 4(2) - Pola) += o%(2) + A94(2)) (11.8 
2 2 2 ee ee) 


Given a Lagrangian density, which depends only on ¢(z) 
and 0,¢(z), the Euler-Lagrange equation is obtained to be (This is 
simply the generalization of Eq. (1.28) to the case of a field theory.) 


OL OL 


°138,6(2)  O6(z) — a 


which gives the dynamics of the system. Given the dynamical equa- 
tions, we can ask how unique is the Lagrangian density for the system. 
The answer, not surprisingly, turns out to be that the Lagrangian den- 


sity is unique only up to total derivatives. Namely, both 
L(o,0,¢) and L(¢, 0,6) + 0,.K"(, A.) (10) 


give the same Euler-Lagrange equation. We can, of course, check this 


directly. But a more intuitive way to understand this is to note that 


284 CHAPTER 11. INVARIANCES AND THEIR CONSEQUENCES 


with the usual assumptions about the asymptotic fall off of the field 


variables, we have 
Sx = [ d*zd,K"(?, Ox) = 0 (11.11) 


In other words, a total divergence in the Lagrangian density does not 
contribute to the action. Consequently, the variation of Sx cannot 
contribute to the dynamical equations. (We note here that even when 
the asymptotic fall off of the fields is not fast enough, this statement 
remains true.) We can, of course, check this for specific examples 


explicitly. Thus, choosing 


Le = 0,K" = 0,($0") = 8,00" + 60,0" (11.12) 


the Euler-Lagrange equation gives 


Lx é£ OL 
We te fy le 
155 0,6 50,0 * Od 
= 0,0" — 20,0"¢ + 0,0%¢ = 0 (11.13) 


With this analysis, therefore, it is clear that a given system 
of dynamical equations will remain invariant under a set of infinitesi- 


mal transformations of the field variables of the form 


o— o+ bo (11.14) 
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if and only if the corresponding Lagrangian density changes, at the 
most, by a total divergence finder the same transformations. Namely, 
if 

£—-+L£L+0,K* (11.15) 


under a field transformation, then it defines an invariance of the dy- 
namical equations. Note that in the special case when K* = 0, then 
the Lagrangian density itself is invariant under the set of field trans- 
formations in Eq. (11.14) and, therefore, also defines a symmetry of 


the system. However, this is a very special case. In general, if under 


¢ — o+6¢ 


S[¢] — S[d+ 64] = S/d] (11.16) 


then we say that the field transformations define an invariance or a 


symmetry of the system, namely, the dynamical equations. 


Continuous transformations, by definition, depend on a 
parameter of transformation continuously. This parameter can be a 
space-time independent parameter or it can depend on the coordinates 
of the field variables. In the first case, the transformations would 
change the field variables by the same amount at every space-time 
point. On the other hand, the change in the field variables, in the 


second case, will be different at different space-time points depending 
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on the value of the parameter. Accordingly, these transformations 
are called global and local transformations respectively. The basic 


symmetries in gauge theories are local symmetries. 


11.2 Noether’s Theorem 


Noether’s theorem, very simply, says that for every con- 
tinuous global symmetry of a system, there exists a current density 
which is conserved. More specifically, it says that for a system de- 
scribed by a Lagrangian density £(¢, 0,¢), if the infinitesimal global 


transformations 


o(2) — (2) + 6.4(z) (11.17) 


where ¢€ is the constant parameter of transformation, define a sym- 


metry of the system, in the sense that under these transformations 


£L— L+0,K"(¢, 00, 6.0) (11.18) 
then, 
; OL 
i 58,4(2) a eb — KS (11.19) 


defines a current density which is conserved. 
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To see that j# is indeed conserved, let us note that 


OL ¢ 


Bude = Bul 55 sry 8012) — OK 
_ OL AL ; 
- 2-58.63 Oe oaeaage) Ot) oat 
_ Of AL , 
~ Bate) °F") + Ba, pay AMA) ~ Gute (11-20) 


Here, we have used the Euler-Lagrange equation in Hq. (11.9) as well 
as the fact that 0,6.¢(z) = 6.0,¢(z). We note next that the first two 
terms in Eq. (11.20) simply give the change in the Lagrangian under 


the transformations. Therefore, we can also write using Eq. (11.18) 
Onje = 6£ —0,K" =0 (11227) 


This shows that the current density given in Eq. (11.19) is indeed 
conserved. The current density defined in Eq. (11.19) depends on the 
parameter of transformation as well. A more fundamental quantity 
is the current without the parameter of the transformation and let us 


denote this symbolically as 


jt = ej! (11.22) 


We have to remember that this is only a symbolic relation simply 


because the parameter € may, itself, have a tensorial structure in which 
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case the current without the parameter will have a more complicated 


tensor structure as we will see shortly. 


As in classical electrodynamics, we know that given a con- 
served current density, we can define a charge which is a constant of 


motion as 


QafaafEt) ° - (11.23) 


The fact that this charge is a constant, independent of time, can be 


seen simply as follows. 


dQ d pee 
 - qf Pes et) 


i d°x Op j°(z, t) 


[dx (03° (#,t) + V - 5(2,2)) (11.24) 


Here, we have added a total divergence which vanishes under our 
assumptions on the asymptotic behavior of the field variables. Thus, 


we have 


d 
- = {d28,j*=0 | (11.25) 


which follows from Eqs. (11.21) and (11.22), namely, the conservation 
of the current density. This shows that the charge is a constant of 


motion. 


11.2. NOETHER’S THEOREM ~ 289 


Another way to understand this result is to note that this 
implies classically that the Poisson bracket of Q with H vanishes. 
Quantum mechanically, the commutator of the two operators must 


vanish. 


[(Q,H]=0 (11.26) 


But this is precisely a symmetry condition in quantum mechanics. 
Namely, we know from our studies in quantum mechanics that a 
transformation is a symmetry if the generator of infinitesimal sym- 
metry transformations commutes with the Hamiltonian. Conversely, 
any operator which commutes with the Hamiltonian is the genera- 
tor of a symmetry transformation which leaves the system invariant. 
Thus, we recognize Q to be the generator of the infinitesimal symme- 
try transformations in the present case. This simply means that the 


infinitesimal change in any variable can be obtained from 
, bb = —i[€Q, 9] (11.27) 


(Classically, we should use appropriate Poisson bracket relations.) It 
is now clear that the vanishing of the commutator between Q and 
H simply corresponds to the Hamiltonian being invariant under the 


symmetry transformations-which we expect. 


In quantum field theory, the operator implementing finite 


symmetry transformations can be written in terms of the generator 


290 CHAPTER 11. INVARIANCES AND THEIR CONSEQUENCES 


of infinitesimal transformations as 


Ula) = e780? (11.28) 


where a is the parameter of finite transformation. A field variable, 


under such a transformation, is supposed to change as 


d(x) —+ U(a)d(2)U-1(a) = et g(n)eto@ (11.29) 


And, furthermore, a true symmetry is supposed to leave the ground 


state or the vacuum invariant, namely, 
U(a)|0) = e*9%|0) = |) (11.30) 
Equivalently, it follows from Eq. (11.30) that 
Q|0) = 0 (11.31) 


In other words, for a true symmetry, the conserved charge annihilates’ 


the vacuum. Therefore, in such a case, we note from Eq. (11.27) that 


(0[5.4(z)|0) = —2(0|[eQ, o(x)]|0) = 0 (11.32) 


where we have used Kq. (11.31). As we will see later, if there is a 


spontaneous breakdown of a symmetry, then, the conserved charge, 
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Q, does not annihilate the vacuum and that the vacuum expectation 


value of the change in some operator in the theory becomes nonzero. 


a 


11.2.1 Example 


As an example of Noether’s theorem, let us study global 
space-time translations as a symmetry of quantum field theories. Let 


us continue to use the ¢*-theory for this discussion. 
Let us define the infinitesimal translations 
gt —» grt + ram 


CUE = ase (11.33) 


as the global transformations, where e“ is the constant parameter of 


transformation. In such a case, 


6O(z) = (r+ €) — oz) 
= 0,(z) 
5§.O,¢(z) = 90,(6.6(z)) = €’0,0,4(z) (11.34) 


Given this, we can, of course, obtain the infinitesimal change in the 


Lagrangian density in Eq. (11.2) 
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1 i - m? oo r 44 
L= 5 .~(x)O g(x) — me (x) - a? (z) 


in a straightforward manner. A much simpler way to evaluate this, 
however, is to note that the Lagrangian density is effectively a function 


of z, namely, £ = L(x). Thus, 


6.£ = L(x +€) — L(x) = €*0,L£(2) = 0,K" (11.35) 


Therefore, we readily identify 


K# = L(z) = L(¢, 0,0) (11.36) 


On the other hand, we see from Eq. (11.2) that for this 
theory 


OL 


As a result, we see from Eqs. (11.34), (11.36) and (11.19), that the 
Noether current defined in Eq. (11.19), in this case, follows to be 


: OL 
j(z) = ae 


O" p(x) (e’O,p(z)) — e#L 


I} 


= e” (0%¢(x)0,d(z) — 64L) 


= 6, ("$(2)8"$(2) — nt”L) (11.38) 
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This is, of course, the conserved current density and the 
current without the parameter of transformation has the form (see 


Eq. (11-22)) 
je (2) = eT” (11.39) 
where we see from Eq. (11.38) that 


ee= oO iro or) — HL (11.40) 


There are several comments in order here. First, let us note that the 
fundamental conserved quantity (in this case T*”) is not necessarily a 
vector. Its tensorial character depends completely on the parameter of 
transformation. Second, we note from Eq. (11.40) that the conserved 


quantity, in this case, is a symmetric second rank tensor, namely, 


jeer (i (11.41) 


This is known as the stress tensor of the theory. 


Let us also note from Kgs. (11.23) and (11.40) that the 


conserved charge, in this case, has a vectorial character and has the 


form 


dam eae?) 
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To understand the meaning of the charges in Eq. (11.42) (there are, 
in fact, four of them), let us write them out explicitly. We note from 


Eqs. (11.40) and (11.42) that 


Puasa ies 
= [ @z ((o(z)) - £) 
= f@z ((d(2))? Sins al 


— +794(2)) 


= [dz aX(x) +399. 964 d(x) + Ad"(a)) 
= H 
Pose Cr =yeooe 
or, P = —/ dxd(z)V4(z) (11.43) 


We recognize the first quantity (namely, P®) as the Hamiltonian of 
the system obtained in Eq. (11.8) and from relativistic invariance we 
conclude that P must represent the total momentum of the system. 
Thus, we recover the familiar result that the space-time translations 


are generated by the energy-momentum operators of the theory. 
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11.3. Complex Scalar Field 


So far we have discussed the ¢4-theory where the basic 
field variable is real. Such a theory, as we have mentioned before, 
can describe spin zero mesons which are charge neutral. Let us next 
consider a scalar field theory where the basic field variable is complex. 


Namely, in this case, 


P(t) #d(z) (11.44) 


One way to study such a theory is to expand the complex field in 


terms of two real fields as, say 
$(z) = <a (eile) + i¢,(z)) (11.45) 


However, let us continue with the complex field, ¢(z), as the basic 
variable. The real Lagrangian density describing quartic interactions 


can be generalized from Eq. (11.2). and written as 
A 7 os 
L£(d, 9°) = O,9°O"G — m*6"d — 7($°9)" (11.46) 


with A > 0. We can treat ¢ and ¢* as independent dynamical vari- 
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ables. Correspondingly, the two Euler-Lagrange equations following 


from Eq. (11.46) are given by 


OL OL 
50,0 86 
or, (9,0" + m%)b + 3(6°d)4 =!) (11.47) 
and 
OL OL 
“59,6 Od — (!) 
or (0,0 + mi)o" + 5(¢"4)" = 0 (11.48) 


Thus, the two dynamical equations in Eqs. (11.47) and (11.48) cor- 
respond to two coupled scalar equations. We should have expected 
this since having a complex field doubles the number of degrees of 


freedom. 


Let us next note that if we make a phase transformation 


of the form 


$(z) — e*%¢(z) 


g(x) —+ e'%$*(z) (11.49) 


where a is a real, constant (global) parameter of transformation or 
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equivalently, an infinitesimal transformation of the form (€ is infinites- 


a 


imal) 


5.(2) = —ied(z) 
5.¢°(z) 


II 


ied’ (zx) (11.50) 
then, we note that under such a transformation 
¢’*¢— eA gre-tAy — at : (iaesa)) 


Equivalently, under the infinitesimal transformations of Eq. (11.50), 


we note that 


5.(¢° 0) 


(5.6°)$ + $°(5-¢) 


= ich*d —ied’d = 0 (11.52) 


Namely, under the transformation in Eq. (11.49) or (11.50) ¢*¢ re- 
mains unchanged. Similarly, we note that under the transformation 


of Eq. (11.49) 


8,°O"b —+ 0,(e'%o")04(e*% 4) = 0,6°O"d (11.53) 
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Alternately, from the form of the infinitesimal transformations in 


Eq. (11.50), we obtain 


(5.(O,6°))O"d + A," (5.(0"9)) 


8, (5<6")O"b + 9,6" (0"(5-4)) 


5.(0,0°0") 


Il 


II 


icd, 60" — ic, 9°" = 0 (11.54) 


(It is important to recognize that the invariance in Eqs. (11.53) and 
(11.54) results because the parameter of transformation is assumed to 


be independent of space-time coordinates.) 


In this case, therefore, we see that the constant phase 


transformations define a symmetry of the theory, in the sense that, 
* Ou 24 r + 4\2 
L = 0, 6 g— mod — 7(¢°9) —CL (11.55) 


Equivalently, 
one — 0 (11.56) 


Such a symmetry is called an internal symmetry since the transfor- 


mations do not change the space-time points. For such an invariance, 


we note that 


Kk" =0 (11.57) 
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Therefore, the conserved current constructed through the Noether 


procedure has the form (sée Eq. (11.19)) 


poe ere 
ee 30,6" bp + 50,6? 
= O"dp(ied") + 0%" (ied) 
= ic(¢*O"¢ — d"4"d) 


= €(id* O" ¢) = € 5" (11.58) 
where we have defined 
jt =id* 0" 6 = i(d*d"d — O"d" 6) (11.59) 


The conserved current, j“, in this case, has a vectorial 
character very much like the electromagnetic current density. There- 
fore, it can be identified with the electromagnetic current associated 
with this system. This theory, therefore, can describe charged spin 
zero mesons. The conserved charge, for the present case, can be writ- 


ten as 
Q= [dai 
[dzi(¢"d — ¢°¢) 
i [ Px (b"d- $°9) (11.60) 
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In quantum field theory, Q would represent the electric charge oper- 
ator. As we have mentioned earlier, if the phase transformations in 
Eq. (11.49) or (11.50) define a true symmetry of the system, then the 
charge operator in Eq. (11.60) must annihilate the vacuum. In other 


words, we must have, in such a case, 


Q|0) = 0 4 (11.61) 


11.4 Ward Identities 


Symmetries are quite important in the study of physical 
theories for various reasons. First of all, they lead to conserved quan- 
tities and conserved quantum numbers. But more importantly, they 
give rise to relations between various Greens functions and, there- 
fore, between the transition amplitudes. Thus, as an example, let us 


consider the generating functional for the complex scalar field. 


Zs, F=PWl Tl _N foepg 5196457) (11.62) 


Let us note here that we have now set fh, = 1 for simplicity and that 


we have defined 


S[t,9°, J, J"), = Sl, 6'] + [ dte(J*6 + Jd") (11.63) 
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with S[, ¢*] representing the dynamical action for the system. Here, 
we note that J* is the sotrce for the field @ whereas J corresponds 
to the source for ¢*. Note also that even though the action S[¢, ¢*] 
is invariant under the global phase transformationsof Eq. (11.50), the 
complete action S[¢, ¢*, J, J*] is not unless we simultaneously change 


J and J* also. In fact, let us note that infinitesimally, 


6.5[¢, 6°, J, J"] 


i 


5.S|b, 6°] + &(f de (J"d + Jd’) 


[ d*z (J*5.¢ + 5.9") 


~ie [ d'z(J'd- Jo’) (11.64) 


Since the generating functional does not depend on the 
field variables (that is, the fields are all integrated out), making a field 
redefinition in the integrand of the path integral should not change the 
generating functional. In particular, if the redefinition corresponds to 
the infinitesimal phase transformations defined in Eq. (11.50), then 


we will have 
§,Z[J, J] =0=N [DgD¢" i6,5 518 947") 


= N [ DEDG(c [ dbz (I°d — Id) ESI. OT (11.65) 


where we have used Eq. (11.64). In general, one should also worry 


about the change coming from the Jacobian under a field redefinition. 
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In the present case, it does not contribute. 


Let us recall that by definition, 


bZ{J, J* ows ae et iS[¢, ¢*, J, J*] 
ee iN [ DD¢ ¢*(a)e 

A 7 'S{b, 6", J, J” 

aaa = in [DgD¢G' 4(2) 51% FI) (11.66) 


Using this then, Eq. (11.65) becomes 


6Z A 


e [dtc (T(2\-i5FTH) 3 I(2)(-iFF)) =0 (11.67) 


This must hold for any arbitrary value of the parameter ¢ and, there- 


fore, we conclude that 


) ) 


[ae (F555; ~ I(x); Tay) 2 J) = 0 
4..(7* 6 é i i 
or, [ate (J Sy (G\) oe WlJ,J*] ~ Q 
ee bW OW x... 
or, fa Zig (=) 5 F(z) - I?) 57 (y) = 0(11.68) 


This is the master equation for defining symmetry rela- 
tions. By taking higher functional derivatives of Eq. (11.68), we can 
obtain relations between various connected Greens functions as a re- 


sult of the symmetry in the problem. In this case, the symmetry 
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relations are quite simple (simply because the symmetry transforma- 
tions in Eq. (11.50) are simple), ne in the case of more complicated 
symmetries such as gauge symmetries, such relations are extremely 
useful and go under the name of Ward Identities of the theory (also 
known as Slavnov-Taylor identities particularly in the case of gauge 
symmetries). It is interesting to note that we could also have ob- 
tained the Ward identities from a combined set of transformations of 


the form 


5. = —tep b.o° = iep* 


6.J = —teJ J =1te) _ (11.69) 


In such a case, it is easy to see that the complete action in Eq. (11.63) 


is invariant. Namely, 


6.5[¢, ¢", J, J*] =0 (11.70) 


Therefore, from 


zi, r= WIS] = nf Dedg 51h 947) 


we obtain 
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§.2[J,J*]=N [ DéD¢" (16.5) ei 5(b, 6", J, J") 


or, 16.W[J, rye, J") = 0 


or, 6,W[J,J*] = 0 
jw. ww. _ 

or, far Braye) + 55a)" J(z)) = 0 
OW 65W 

or, ie [ tz es real ee — nO 


sae OW sw 
or, fa oa (ed liga) | ee = 0° (iw 


This is, of course, the same relation as in Eq. (11.68). 
Let us note that in the case of a complex scalar field, we 
will have a complex classical field defined by (see Eq. (10.7)) 


#2) = sya = (Ol6(2)I0)"” 


#8) = 555) = (01e"(e)10)"" (11.72) 


From the transformation properties of the fields ¢(x) and ¢*(z) in 
Kq. (11.50), we can immediately determine the transformation prop- 
erties of the vacuum expectation values in Eq. (11.72). Namely, we 


obtain (This corresponds to asking, by how much would ¢,(z) change 
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if we change ¢(x) according to Eq. (11.50).) 


5.Pc(x) = (0|5.6(z)|0)?”” = —ie(0|¢(x)|0)7"” = ~ied,(z) 
5.0;(2) = (0|6.¢*(z)|0)77” 


ie(0|"(z)|0)""" = iep{(z) (11.73) 


where we have assumed the invariance of the ground state under such 
a transformation. From the transformation properties of the classical 
fields in Eq. (11.73), we can now work out the Ward Identities for the 


1PI vertex functions. In the present case, we note that we have 
V(b, be] = WJ, J*) - pase (J*¢.(z) + J (x) (z)) (11.74) 


from which it follows that 


6 [edi] = — f dtx(J*6.b(2) + J(x)642(2)) 


ie [ d*z (J*(2)$-(2) — J(z)¢2(2)) 


en sw 
eI Ose umd sre 


= 0 (11.75) 


Here in the last step, we have used the relation in Eq. (11.68). On 
the other hand, using Eq. (11.73), we obtain 
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Ho i eee ee 
| aa fa z (Saye! oe Sbe(a) oP! )) 
ér él 
= ne f dte (satel) — gery Mele) (11-76) 


Therefore, following Eq. (11.75), we can set this to zero and noting 


that the parameter ¢ is arbitrary, we obtain 


4 via a r oe sea ee 
f a(t) - aye =9 LTD) 


This is the master equation from which we can derive relations be- 
tween various 1PI vertex functions, as a consequence of the symmetry 


in the theory, by taking higher order functional derivatives. 


11.5 Spontaneous Symmetry Breaking 


Let us next consider the complex scalar field theory de- 


fined by the following Lagrangian density. 
r 
L= 06°06 + m'¢"o — qleey A>0 (11.78) 


This is the same Lagrangian density as in Eq. (11.2) except for the sign 


in the mass term which is opposite. It is clear that this Lagrangian 
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density is also invariant under the global phase transformations in 
Eq. (11.49) or (11.50) since’each of the terms is. Therefore, the phase 
transformations define asymmetry of this theory as well and according 
to Noether’s theorem, there exists a conserved charge which is the 


same as given in Eq. (11.59). 


However, if we look at the potential of this theory, namely, 


V(6,0") =—m'g'o + 4(0'0)? (11.79) 


then, we note that for constant field configurations, the extrema of 


the potential occur at 


aa. 
ap Cn eae 
OV ae 2 A * 2 
aoe (~m'+ 5¢ ¢)¢° =0 (11.80) 


The solutions of these extremum conditions are easily obtained to be 


I 
a 
I 
fon) 


or, G2 be =o (11.81) 


However, it is quite easy to see that 
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iene sear (11.82) 
Og*0¢ ¢=9*=0 


whereas 


2 
om ° = m? (11.83) 


OOO | 4.4202 


Consequently, the extremum at ¢, = $1 = Ois really a local maximum 


of the potential energy whereas the true minimum occurs at 
¢°o, = —— . (11.84) 


Note that since for constant field configuarations the derivative terms 
vanish, this also defines the true minimum of energy or the true ground 


state of this theory. 


To better understand what is involved here, let us rewrite 
the complex field in terms of two real scalar fields. Namely, let us 
write 


e= ale + ip) (11.85) 


where we assume that o and p are real (Hermitian) scalar fields. In 


terms of these variables, then, the minimum of the potential occurs 


at 
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¢ 


: ad > 8 2m? 
bib.= 5(02 +02) = 
2 2 4m? 

ON ee ame (11.86) 


It is clear that, in this case, there is an infinite number of degenerate 
minima lying on a circle in the o — p plane. For simplicity, let us 
choose p, = 0. Then, the minimum of the potential can be chosen to 
be at 


4m? 
Mea ee 
. d 
eee (11.87) 
or, oO. = +-— = : 
VX 
Let us, in fact choose the minimum to be at 

a! aa, (11.88) 


Be ag 


In this case, therefore, we see that one of the fields develops a vacuum 


expectation value, namely, 


a. = (0|o(z)|0) 


Il 
S 


pe = (Olp(z)|0) (11.89) 
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To understand further what is involved, let us plot the 
potential in Eq. (11.79) as a function of o and p for constant values 


of the fields. 


: y' 
Viop)=- (+e) +s, (o7 +e)? = rA>O (11.90) 


Thus, the potential, in the present case, is very much like 
the instanton potential in Eq. (7.45), but the minima are infinitely 
degenerate. Popularly, such a potential is also known as the Mexican 


hat potential. 


Let us also note that since 
b= (0 + ip) 
we can deduce from the transformation rule in Eq. (11.50) 


5d = —ied 
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that 
bce ) a 
v2 4 amy? **?) 
or, d0+i59 = €(p—ia) (11.91) 


From this, we conclude that under the global phase transformations, 


the real scalar fields transform as 


bc 


lI 


Ep 
6p = —-eo (11.92) 
In other words, the global phase transformations correspond to a ro- 


tation in the o - p plane. 


Let us also note from our earlier discussion in Eq. (11.27) 
that the infinitesimal change in any operator can be expressed as a 


commutator with the charge associated with the transformation as 


50 = -ie[Q,o] = ep 


ép = —ie [Q, p] —€0 | (11.93) 


Therefore, since with our choice in Eq. (11.89) 


(0|o(2)I0) = 0. = 2 


Vr 
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we conclude using Eq. (11.92) that 


(ol6pl0) = —e(0lo|0) =~. 
oh, eae) haus 7 (11.94) 
It is clear, therefore, that in the present case, we must have 
Q|0) #0 (11.95) 


in order that the relation in Eq. (11.94) is consistent. In such a case, 
we say that the symmetry of the Hamiltonian (or the theory) is spon- 


taneously broken. 


Since Q does not annihilate the vacuum of the present 


theory, let 


Q|0) = |x) (11.96) 


We know from Eq. (11.26) that the symmetry of the Hamiltonian 
implies that 
[Q, H] =0 


Assuming that the vacuum state has zero energy (i.e. H|0) = 0), we 
then obtain using Eq. (11.96) 
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[Q, H]|0) = 0 
or, (QH — HQ)|0) = 0 
or, HQ|0) = 0 

or, H|x) = 0 (11.97) 


In other words, the state Lx) defined in Eq. (11.96) would appear to 
be degenerate with the vacuum in energy. We can, therefore, think of 
this as another vacuum. The problem with this interpretation is that 
this state is not normalizable. This can be easily seen from Eq. (11.96) 
and (11.23) as follows. (Q is seen from Eq. (11.60) to be hermitian.) 


(0|QQI0) 
(0| f d°x 5°(#, t)Q0) 


f &x (ole? *7°(0)e*P * *QI0) (11.98) 


(x|x) 


II 


We have already seen that the Hamiltonian commutes with @ express- 
ing the fact that it is independent of time. Since Q does not depend 
on spatial coordinates, it follows that the momentum operator also 


commutes with Q. In fact, in general, we can write 
[P,Q] = 0 (11.99) 


There are many ways of obtaining this result besides the argument 
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given above. The most intuitive way is to note that P, generates 
space-time translations whereas Q generates a phase transformation 
in the internal Hilbert space. Both these transformations are inde- 
pendent of each other and, therefore, their order should not matter 
which is equivalent to saying that the generators must commute. A 


consequence of their commutativity is that we have 


a “=o = (11.100) 


Using this in Eq. (11.98), then, we obtain 


i 


eee (OletP = 59(0)Qe-*P * 70) 


[ dx (013°(0)Q|0) 


(0|j°(0)Q\0) [d’z—+co (11.101) 


(x1x) 


Il 


where we have used the property of the ground state, namely, 
fe (11.102) 


In other words, the state |v) is not normalizeable and 
hence cannot be thought of as another vacuum. This analysis also 


shows that the finite transformation operator 


Ulay=e eS (11.103) 
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does not act unitarily on the Hilbert space. In fact, it is straightfor- 
ward to show that the charge Q does not exist when there is sponta- 
neous breakdown of the symmetry. Let us note, however, that even 


though Q may not exist, commutators such as 


[Q, d(z)] 


are well defined in such a theory and as a result expressions such as 
U(a)d(z)U-'(a) = e209 (2) e409 


are also well defined. Another way of saying this is to note that while 
the operator U(qa) defines unitary transformations for the field vari- 
ables, it does not act unitarily on the Hilbert space. This is another 


manifestation of spontaneous symmetry breaking. 


To analyze further the consequences of spontaneous sym- 
metry breaking, let us note that even classically, if the potential has 
a nontrivial minimum, then a stable perturbation would require us to 


expand the theory about the stable minimum. Thus, let us expand 


ae BE us 
go — (la = -—= 
VX 


p— p (11.104) 


Then, the Lagrangian density of the theory in Eq. (11.78) would be- 
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come 
A 
L = 8,¢°9" +m¢'d - 7(6°4)! 


1 2 a 
= : 1,0 0"a + Our p + ae a p’) ian ar +p’)? 


2m 


== )on(a wry 


1 lod 
T((0 +)" + a 
ea ee ee 


= 50nd" + 5 50upo" p+ Zo? + p* +7 r 


4m 


ee Sign) 


] it m2 ‘ @ 
= 50,000 + Op pto (om wy) 


oe 50.00"0 + 50408" ~ mig? + 


mVX_ og ay Ay a, a 
5 Ao +P) ee a) 


(11.105) 


Thus, we see the interesting fact that while the field o 
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remains massive with the right sign for the mass term, the field p 
indeed has become massless. This is a general feature of sponta- 
neous symmetry baeaiaitey namely, whenever a continuous symmetry 
is spontaneously broken in a manifestly Lorentz invariant theory, there 
necessarily arise massless fields (particles). These are known as the 
Goldstone fields or Goldstone modes (particles). In the present case, 
we note that p corresponds to the Goldstone field and let us recall our 


earlier result, namely, 


2m 


UO te 


(11.106) 
This is also a general feature of theories with spontaneously broken 
symmetries. Namely, in such theories, the change in the Goldstone 
field under the symmetry transformation acquires a nonzero vacuum 


expectation value. 


In terms of the potential, it is easier to understand the 
Goldstone mode intuitively. The minimum of the potential occurs 
along a valley and the Goldstone mode simply reflects the motion 
along the valley of the potential. In particle physics, one does not 
know of elementary spin zero particles which are massless. The clos- 
est that comes to being massless is the pi-meson. The Goldstone 
particles were, therefore, not received well by the particle physics 
community. However, in the presence of gauge fields like the photon 


field, the Goldstone modes get absorbed into the longitudinal modes 
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of the gauge bosons effectively making them massive. This is known 
as the Higgs mechanism and is widely used in the physical models of 


fundamental interactions. 


A massless field or a particle, of course, has associated 
with it an infinite characteristic length (Compton length). The most 
familiar massless field is the photon field and we know that as a conse- 
quence of the photon being massless, the Coulomb force has an infinite 
range. In fact, we recognize that the two point function in such a the- 
ory will have an infinite correlation. Namely, two particles at infinite 
separation will still feel the presence of each other. Therefore, we 
conclude that when Goldstone modes are present, certain correlation 


lengths will become infinite. 


11.6 Goldstone Theorem 


In a manifestly Lorentz invariant quantum theory with 
a positive metric for the Hilbert space, the Goldstone theorem states 
that if there is spontaneous breakdown of a continuous symmetry, 
then there must exist massless particles (Goldstone particles) in the 


theory. 


To see a general proof of this theorem, let us assume that 


we have a theory of n-scalar fields described by the Lagrangian density 


11.6. GOLDSTONE THEOREM 319 


L = L(¢;, 0,93) (2 eo (11.107) 
Furthermore, let us assume that the global transformations 
6.9; => Tij(€) 9; (11.108) 


where we assume summation over repeated indices and where the 
global parameter of transformation, €, may itself have an index, define 
a symmetry of the Lagrangian density in Eq. (11.107). In this case, 


we can define the generating functional with appropriate sources as 


Z[j) = WU = wf Ddie I$ 4 (11.109) 


Furthermore, the classical fields are defined to be 


mie = iH = (0|d;(2)|0)”* (11.110) 


The case of spontaneous symmetry, of course, corresponds to having 
nontrivial ¢;,’s when the sources are turned off. Namely, even if for 


one of the values of 1, 


bw 
die = Pie()|j,-9 = 53.(2)|, #0 (11.111) 
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then, we will have spontaneous breakdown of the symmetry. 


Let us note from Eqs. (11.73) and (11.108) that the clas- 


sical fields would transform under the symmetry transformations as 


b.die(2) = Ti(€)$;e(2) (11.112) 


We also know from Eq. (10.25) that the 1PI vertex functional satisfies 


the defining relation 


5T [dic] x 
bdic(z) 


—J;(z) (11.113) 


When the source is turned off, this defines an extremum equation 
whose solutions, ¢;-, will have at least one nonzero value if the sym- 
metry is spontaneously broken. Given the above relation, we can also 


obtain 


[aty 6 OT pic] 5.bje(Y) 


—6,.J;(z) FOES 5bulz)6d:c(u) 


[ay ake ee (y) Tye(€)oec(y) (11.114) 


When we switch off the sources, consistency of Eq. (11.114) will lead 
to (in this case ¢;-(z) = $;. = constant) 
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fay | Tiz(€)bic = 0 
bdic(x)bd;c(¥)|y 7 ° 
or, [ay (G7i(z - y)) 5 Tyr (€)orc = 0 


or, (G'(p, = 0)),, T;z(€)bre = 0 (11.115) 


This system of equations will have a nontrivial solution 


(namely, there will be spontaneous breaking of the symmetry) only if 
det (G'(p, = 0)),, =0 (11.116) 


In other words, there must exist massless particles in the theory. This 


proves the Goldstone theorem. 
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Chapter 12 


Systems at Finite Temperature 


12.1 Statistical Mechanics 


Let us review very briefly various concepts from statistical 
mechanics. Let us consider not one quantum mechanical system, but 
a whole collection of identical quantum systems-an ensemble. Thus, 
for example, it can be an ensemble of oscillators or any other physical 
system. Let us further assume for simplicity that the physical system 
under consideration has discrete eigenvalues of energy. Each system 
in this ensemble can, of course, be in any eigenstate of energy. Thus, 
we can define p,, to represent the probability of finding a system in 
the ensemble to be in an energy eigenstate |n). This is, of course, 


completely statistical in the sense that p, can be identified with the 


323 
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number of physical systems in the state |n) divided by the total num- 
ber of systems in the ensemble. Such a situation is quite physical as 
we know from our studies in statistical mechanics. Namely, we may 
have an ensemble of physical systems in thermal equilibrium with a 
heat bath. For a given ensemble, the value of any observable quantity 


averaged over the entire ensemble will take the form 
(A) = A= DpalnlAln) = pode (12.1) 


where we are assuming that the energy eigenstates are normalized and 


that 


An = (n|Aln) (12.2) 


denotes the expectation value of the operator in the quantum mechan- 
ical state |n). Thus, there are two kinds of averaging involved here. 
First, we have the average in a quantum state (expectation value) 
and second, we have the averaging with respect to the probability 


distribution of systems in the ensemble. 


Being a probability, p, has to satisfy certain conditions. 


Namely, 


ip. 20 for all n 


M 
aS 
a 

H 
—_ 


(12.3) 
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It is in general very difficult to determine the probability distribution 
for an ensemble. However, if we are dealing with a thermodynamic 
ensemble, namely, an ensemble interacting with a large heat bath, 
and if we allow sufficient time to achieve thermal equilibrium, then 
we know that the probability distribution, in this case, is given by the 


Maxwell-Boltzmann distribution. Namely, in this case, we can write 


E,, 


Pr= ye AT (12.4) 


N| 


Here E,, is the energy of the nth quantum state, k is the Boltzmann 
constant and T the temperature of the system. The normalization 
factor Z can be determined from the relations for the probabilities in 
Eq. (12.3) as 


1 a 
or, 7% e kT = 1 
En 


° 
Jad 
Es 
= 
H 
| 
<3 
ei 
D 
se 


~ (12.5) 
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where we have defined 


a 12.6 
Z(G) is known as the partition function of the system and plays the 
most fundamental role in deriving the thermodynamic properties of 


the system. 


For a statistical ensemble, it is easy to see that the ther- 
modynamic average of any quantity defined in Eq. (12.1) will be given 
by 


(A), 


II 
M 
S 
ae 
ce 
ion 
Ss 


“Trae = 


In particular, the average energy associated with the system follows 
from Eq. (12.7) to be 
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= = In Z(B) (12.8) 


The amount of order or the lack of it, for an ensemble, is 


defined through the entropy as 
S = —D p,lnp, = —(Inp) (12.9) 


By definition, it is clear that the entropy is always positive semi- 
definite since 0 < p, < 1. Furthermore, its value is zero for a pure 


ensemble for which 


Pn = 5nm _ for a fixed m (12.10) 


For such an ensemble, all the individual systems are in the same energy 
state and, therefore, it is an ordered ensemble. On the other hand, the 


larger the number of states the physical system can be in, the more 
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disordered the ensemble becomes and the entropy increases. For a 


thermodynamic ensemble, as we have seen in Eq. (12.4), 


Therefore, we can calculate the entropy of the ensemble to be . 


S = = Prin Pn 
= -¥ px(-BE,~ mn Z(6)) 
= BX prEn + In Z(8) 27 Pn 


= BU +1nZ(B) 
o 


In Z(G) + In Z(8) 
19 1 | | 
= -B ap Ug key) (12.11) 


Here we have used Eq. (12.8) and (12.3) in the intermediate steps. 


Given the internal energy, U, and the entropy, S, the free 


energy for an ensemble can be written as 
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A i. Se. ¢ 
F(B) = aoe 
mesos oe : 
= ag 8 2(8) + 55 In Z(6) — G In Z(6) 
= -5nZ(6) (12.12) 


In terms of the free energy, we can define the other thermodynamical 


quantities as 


> A re a OF 
U = —5, nZ(6) = 5, (6F) = F + 85, 
Ons aya 
Ss =—- - er — = cee e 
Baa(q lm Z(8)) = 05, (12.13) 


It is also interesting to note from Kq. (12.12) that the partition func- 
tion takes a particularly simple form when expressed in terms of the 


free energy. Namely, we can write 


Z(@) = e-PF(A) (12.14) 


We have gone over some of these concepts in some detail in order to 
bring out the essential similarities with the concepts of path integral 


that we have been discussing so far. 
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One of the major interests in the study of statistical me- 
chanics is the question of phase transitions in such systems. Phase 
transitions are all too familiar to us from our studies of the different 
phases of water. Even in solids, such as the magnets, the hysteresis 
effect or the effect of spontaneous magnetization provides an example 
of a phase transition. Namely, we know that below the Curie temper- 
ature, T., if a magnetic material is subjected to an external magnetic 
field, then the material develops a residual magnetization even when 
the external field is switched off. The amount of residual magnetiza- 
tion decreases as the temperature of the system approaches the Curie 
temperature and vanishes at T.. For T > T,, the system exhibits no 
spontaneous magnetization. The temperature T = T; is, therefore, 
a critical temperature separating the different phases of a magnetic 


material. 


The behavior of physical systems near the critical point is 
of great significance. This can be studied from the point of view of 
statistical mechanics quite well. They can also be studied with equal 
ease using the concepts of path integrals. However, before we discuss 
this, let us recapitulate how one uses statistical mechanics to study 


critical phenomena. 
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12.2 Critical Exponents | 


To fix ideas clearly, let us discuss the critical exponents 
in the context of a specific model which explains the properties of 
magnetization quite well. This model goes under the name of planar 
Ising model or the Ising model in two dimensions. The crucial feature 
of this model is that it ascribes the magnetic properties of a material 
to its spin content. This should be quite familiar from our studies 
of atomic systems where we know that elementary particles with a 


nontrivial spin possess magnetic dipole moments 


Let us consider a square lattice with equal spacing in both 
z and y directions. Let us also assume that at each lattice site labelled 
by n = (nj, n2), there is aspin S(n) which can either point up or down. 
Accordingly, we assume 


1 for spin up 


S(n) = (12.15) 


—1 for spin down 


Furthermore, let us assume that the spins interact as locally as is 


possible. In fact, the Hamiltonian for the Ising model is taken to be 


H = —J_ S(n)S(n + p) (12.16) 


where we have assumed a simplified coupling for the problem. Here 
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ji stands for either of the two unit vectors on the lattice. In simple 
language, then, the Ising model assumes nearest neighbor interaction 
for the spins which are supposed to be pointing only along the z-axis. 
The constant, J, measures the strength of the spin-spin interaction. 
It is clear that if its value is positive, then a minimum of the en- 
ergy will be obtained when all the spins are pointing along the same 
direction-either up or down. Accordingly, such a coupling is known 
as a ferromagnetic coupling. Conversely, if J is negative, then the 
coupling is known as anti-ferromagnetic. It is worth pointing out 
here that the Hamiltonian for the Ising model has a discrete symme- 
try in the sense that if we flip all the spins of the system, then the 


Hamiltonian does not change. 


Let us next subject this spin system to a constant external 


magnetic field B. In this case, the Hamiltonian becomes 


H =-J¥ S(n)S(n +) + BY S(n) (12.17) 


nit 


The partition function defined in Eqs. (12.5) and (12.14), for the 


) 


present case, takes the form 


Z(8, B) = ePF(G,B) — Tre PH. yO e- BH (12.18) 


config 


The summation, here, is over all possible spin configurations of the 


system. Let us note that at every lattice site, the spin can take two 
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possible values. Consequently, if N denotes the total number of lattice 
points, then there are 2% Peale spin configurations over which the 
summation in Eq. (12.18) has to be carried out. The true partition 
function, of course, has to be calculated in the thermodynamic limit 


when N — oo. 


Let us note now from Eqs. (12.17) and (12.18) that, in 


this case, we have 


OZ 
OB 


OF il BH, _ 
or, oe 7 a sayem )=(LS(n))p (12.19) 


= OF si - oes 
= Bap 2 = Tri BY S(n) ) 


Using the translation invariance of the theory, we can write 


(S(n))a = (S(0))a (12.20) 
so that we obtain 
OF . 
5B = NV (S(0))a (12.21) 


Thus, from Eq. (12.21), the mean magnetization per site can be ob- 


tained to be 


(D0 S(n))a = (S(0))o = FoR (12.22) 


1 
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This is, of course, a function of both the temperature and the applied 
magnetic field and its value can be calculated once we know the free 


energy or the partition function. 


The magnetic susceptibility is proportional to the rate of 
change of magnetization with the applied field and is defined to be 


eu eee 
X ~~ @Bla-. N OB? 


B=0 


nym 


© (5 (S(n)S(m))p — (© $(n))B)a=< 
F (NE (S(n)S(0)}o- N*(S(0))B)a<0 (12.28) 


where we have used Eqs. (12.19) and (12.20). Thus, we see that the 
magnetic susceptibility is related to the fluctuations in the spin. It is 
large at those temperatures where the correlation between the spins 
is ere) Note that if the system has no net magnetization, i.e., no 


spontaneous magnetization, namely, if 
($(0))al poo = 0 (12.24) 


then, the magnetic susceptibility is completely determined by the 


spin-spin correlation function. Namely, in this case, we have 


x= BE (S(m)S(0))o) (12.25) 


n B=0 


12.2. CRITICAL EXPONENTS - 335 


If, for some temperature 8 > (3, we find in our spin system 
that . ‘ 


4. 


(S(0))alp-0o#9 8 | (12.26) 


then, the system shows spontaneous magnetization or residual mag- 
netization. In this case, we note that the discrete symmetry of the 
system is spontaneously broken. The spontaneous magnetization van- 
ishes as we approach the critical temperature and for § < {., the sys- 
tem will show no spontaneous magnetization simply because the ther- 
mal motion will dominate. The critical temperature and the behavior 
of spontaneous magnetization near the critical temperature, namely, 
how the magnetization vanishes as the temperature approaches the 


critical temperature 


Myo ~ (T - Te) (12.27) 


can be calculated once we know the partition function. Let us em- 
phasize here that the parameter ( in the exponent is not iF which 
was defined earlier but represents a critical exponent. (The notation 
is unfortunate, but this is the convention.) Furthermore, the sponta- 
neous magnetization defines an order parameter in the sense that its 


value separates the two different phases. 


We can similarly calculate the correlation length between 


the spins, €(T), at any temperature by analyzing the magnetic sus- 
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ceptibility. For very high temperatures, it is clear that the thermal 
motion will not allow any appreciable correlation between the spins. 
However, as the temperature of the system is lowered to the criti- 
cal temperature, the system may develop long range correlations and 
the behavior of the correlation length near the critical temperature is 


parameterized by another critical exponent of the form 


e(T) ~ (PF -7.)” | (12.28) 


The magnetic susceptibility may similarly become large at this point 
and its behavior near the critical temperature is parameterized by yet 


another critical exponent as 
VE oo ae (12.29) 


Similarly, other thermodynamic quantities in the system such as the 


specific heat defined as 


C=-T — (12.30) 


may also display a singular behavior at the critical point and all these 


can be calculated once we know the partition function. 
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12.3. Harmonic Oscillator 


e 
4. 


The calculation of the partition function for the one di- 
mensional quantum harmonic oscillator is quite straightforward. We 


know that for an oscillator with a natural frequency w, the energy 


levels are given by 
1 
E, = (n+ 5)w n= 0,1, 25.2. (12.31) 


where we have set fh = 1. For this system then, the partition function 


can be derived using Eqs. (12.5) and (12.31) to be 
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Since we know the partition function, we can calculate the thermody- 


namic properties of the system. 


Let us next see how we can calculate the partition function 
for the harmonic oscillator through the path integral method. Let us 
recall that we have already calculated the transition amplitude for the 
harmonic oscillator which has the form (see Eq. (3.66)) 


(2/,Tl2,0) = (xle #7 |2,) = N [Deel] 
ome le:) ea i (a 


whereas we have noted earlier (see Eq. (3.84) with J = 0) 


S{za] = sae [(x? + 22) coswT — 2x25] (12.34) 


We note here that we have set h = 1, J = 0 in the above equations 
and T here denotes the time interval between the initial and the final 
points of the trajectory. 


From the definition of the partition function, 


Zo) — Tre“PH 


we note that the trace can be taken in any basis. In particular, if we 


choose the coordinate basis in the Schrodinger picture, then we can 
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write 


Z(p) = [de (2je-BH |x) (12.35) 


We now recognize the integrand in Eq. (12.35) merely as the transi- 
tion amplitude (see Eq. (1.43)) for the harmonic oscillator with the 


identification 


T = -if 
ZF = F=f (12.36) 


In other words, the integrand really is the transition amplitude be- 
tween the same coordinate state in the Euclidean time with 6 = va 
(T is the temperature here) playing the role of the Euclidean time 
interval. Using this, then, we obtain from Eq. (12.35) 


Z(8) = [de = 


imw 
iran Bay cosh Bw — 2z2”)) 
nae ji fiees | Gam (cosh Bw ~ 1)x”) 


27 sinh Bw 


mu ; ~(mw tanh ee z*) 
= (=) faz e 2 
27 sinh Bw 
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( mu 3 T 
27 sinh Bw Bw 


mw tanh a 
2 
= ae 
. 2 sinh Gw tanh & 
1 1 
7 4 sinh? ee 7 2 sinh e vad 
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This is, of course, the partition function which we had 


found by a direct calculation in Eq. (12.32). Let us note next that 


since 
TA) se (12.38) 
ew 
2 sinh — 
2 
we obtain 
i\ 
F= “3 InZ = ; (In 2 + Insinh ) (12.39) 


Consequently, we note from Eq. (12.13) that 
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Opec Oyen Of 


mlE wl€ 
€ 


(12.40) 


This is exactly what we would have obtained from Planck’s 
law (remember that A = 1). Among other things, it tells us that for 


low temperatures or large G, we have 


(H)g =U ~ 7 | (12.41) 


Namely, in such a case, the oscillators remain in the ground state. On 


the other hand, for very high temperatures or small G, we get 
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Sra (12.42) 


This is, of course, the expression for the equipartition of energy. (We 
expect the system to behave in a classical manner at very high tem- 


perature.) 


This analysis of the derivation of the partition function for 
the harmonic oscillator from the path integral is quite instructive in 
the sense that it shows that a (D+1)-dimensional Euclidean quantum 
field theory can be related to a D-dimensional quantum statistical 
system since the Euclidean time interval can be consistently identified 
with B = * as in Kq. (12.36). In fact, the relation between the two 


for a bosonic field theory can be simply obtained as 


z aS 
AN i 8 Hopes ° 


ae poe h uf Pzle 


$(0)=4(8) (12.43) 


Here we are assuming integration over the end points which is equiva- 
lent to taking the trace. Furthermore, we note that the field variables, 


in this case, are assumed to satisfy a periodic boundary condition 
o(t + B) = o(t) (12.44) 


This, as is clear, arises from the trace in the definition of the partition 
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function. A careful analysis for the fermions shows that the partition 
. . o 

function, in such a case, can be written exactly in the same manner 

but with anti-periodic boundary conditions. Namely, for fermions, we 


have 


Z(G) 


N [ DbDy e Sel, ¥] 


B _ 
oa, =| dt] d° 
N [DpDye f, {Pz Leld, J] (12.45) 
with the boundary conditions 


¥(0) = -9¢(8) 
¥(0) 


II 

| 
& 
aS) 


(12.46) 


These boundary conditions can be shown to be related to the question 
of quantum statistics associated with the different systems. This way 
of describing a quantum statistical system in equilibrium through a 
Euclidean path integral is known as the Matsubara formalism or the 
imaginary time formalism (since we rotate to imaginary time). Let us 
note here without going into details that there exist other formalisms 
which allow for the presence of both time and temperature in the the- 


ory simultaneously. These go under the name of real time formalisms. 


The Matsubara formalism also suggests that a (D + 1)- 


dimensional bosonic Euclidean quantum field theory can be related 
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to a (D + 1)-dimensional classical statistical system in the following 
way. Let us consider a quantum mechanical system described by the 


Lagrangian 


i= smi? - V(z) (12.47) 


Then, the generating functional for such a system will have the form 
1 i ft 
<S - | dtL 
Z=N [Dzek fl _ wy [Deck (12.48) 


Here we have put back Planck’s constant for reasons which will be 
clear shortly. If we rotate to Euclidean time, the generating functional 


takes the form 


Le ern ae 
i i) dt (5m? + V(z)) 


DEIN IDE: (12.49) 


This has precisely the form of a classical partition function if we iden- 
tify 


H= fat (jms? +V(z)) (12.50) 


as governing the dynamics of the system and 


1 
t=ki = \ 
; (12.51) 
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Here we should note that the variable, t, in this case should be treated 
as a space variable and not as a time. Let us also recall that the 
Planck’s constant measures quantum fluctuations in a quantum me- 
chanical system whereas temperature measures thermal fluctuations 
in a statistical system. The identification of the two above, therefore, 
relates the quantum fluctuations in a quantum mechanical system 
with the thermal fluctuations in a corresponding classical statistical 
system. This connection can be simply extended to a field theory 
where the Euclidean action would act as the Hamiltonian for the cor- 


responding classical statistical system. 


12.4 Fermionic Oscillator 


Let us next calculate the partition function for a fermionic 
oscillator with a natural frequency w, both using the path integrals 
and the standard methods. We note from our discussion in section 
5.1 that the Hilbert space for the fermionic oscillator is quite simple. 
In fact, from Eqs. (5.12) and (5.13), we note that it is like a two level 


system with energy eigenvalues 


ky = —- 


E, = = (12.52) 
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Once again, we have set A = 1 for simplicity here. It, then, follows 
from the definition of the partition function in Eq. (12.5) that for the 


fermionic oscillator we have using Eq. (12.52) 


Z(8) = TreP# 
= e-PEo 4 BF: 
a ched 
= ole 


Bw 
e 2 (1+ e~ Bw) = 2 cosh (12.53) 


The evaluation of the partition function for the fermionic 
oscillator follows from the form of the transition amplitude derived 
in Eq. (5.91). Following our discussion in the last section, we note 
that in the case of fermions, we have to impose anti-periodic bound- 
ary conditions (see Eq. (12.46)), namely, for the calculation of the 


partition function, we require 


vp = -Yi 


wo, = —vi (12.54) 


We can now calculate the partition function for the system with the 
identifications in Eqs. (12.36) and (12.54) as well as the result in 
Eq. (5.91) as 
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ZB) 


Bw 7 
[ddsddi(e 2 f-e its — Bad) 
Bw 
e2 | dbidd(A —(1+ e Bw J -ap;) 
Be 
e2 (1+ e~Aw) 


ee 
2 


2 cosh 


(12.55) 


Here we have used the nilpotency properties of Grassmann variables 
(see Eq. (5.17)) as well as the integration rules given in Eqs. (5.26) 
and (5.27). 


This is exactly the same result which we had obtained 
earlier in Eq. (12.53) for the partition function of the system. We 
note now from the definition in Eq. (12.12) that the free energy for 


the fermionic oscillator is given by 


F(B) = ~5 In Z(B) = -5(in2 + In cosh Ss (12.56) 


The average energy for the ensemble can now be calculated from 


Eq. (12.13) to be 
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re) 
(H)g=U = ap (FF 8) 
_ , Bw 
ee ape 
* cosh 
pw Bw 
_. Shee 
= "3 Bo Ba 
e2 +e 2 
Ww wW 
Biot eel ecco cae 57 
or, gi 2+ Bwyd (12.57) 


It now follows that for low temperatures or large G (6 = i) we have 


(H)g =U ~ = (12.58) 


Namely, the system likes to remain in the ground state for low tem- 


peratures whereas for high temperatures or small 3, we obtain 


aye vee 


T= caer (12.59) 


In this case, we see that the average energy of the system goes to 
zero inversely with the temperature which amounts to saying that the 


system tries to populate equally the two available energy states. 
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Chapter 13 


Ising Model 


13.1 One Dimensional Ising Model 


Let us pursue the ideas of statistical mechanics, which we 
have developed in the last chapter, with the example of the one di- 
mensional Ising model. The Hamiltonian for spins interacting through 


nearest neighbors on a one dimensional lattice (chain) is given by 
N N 
H=-J Be $3841 + B ye Sj (3:1) 
i= tac) 


Here we have assumed that the total number of lattice sites is N and 
that the spin system is being subjected to an external magnetic field, 
B, which is aconstant. The classical partition function for this system 
is, by definition, 
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N ae : 
(BI 2, sisin — P 2d 4) age, 


To study this system, let us assume periodic boundary condition on 


the lattice (cyclicity condition), namely, 


si4N = 8; (13.3) 


and ask whether there exists a quantum mechanical system whose 
Euclidean generating functional will give rise to the partition function 


for the one dimensional Ising model. 


Let us consider the quantum mechanical system described 


by the Hamiltonian 
H, = -a0+793 (13.4) 
where o; and o3 are the two Pauli matrices and a and y are two 


arbitrary constant parameters at this point. Let |s) denote the two 


component eigenstates of 03 such that 
o3|s) = sl|s) — $=+1 (13.5) 


We can now calculate the Euclidean transition amplitude for the quan- 


tum system described by Eq. (13.4) between two eigenstates of o3, 
which is defined to be 
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(syinle~7 4} sin) (13.6) 


4 


Dividing the time interval into N steps of infinitesimal length € such 
that (for large N) 


Ne=T (13.7) 


and introducing a complete set of eigenstates of a3 at every interme- 


diate point, we obtain 


(ssinlen? 49 | sin) 
= ¥ (syle Aa|sy) (swlee#a|sy_1) --- (sale7*#9|s1)(13.8) 


3s,=+1 


where the intermediate sums are for the values i = 2,3,---,N. Fur- 


thermore, we have also identified 


Sin = $} Sfin = SM (13.9) 


Note that if € is small, then we can expand the individual 


exponents in Eq. (13.8) and write 


(s:41|e7€#2|5;) ~ (si41|(1 + ao; — €703)|s;) (13.10) 


Using the relations, 
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(sisilsi) = (5 (5 + sis)? 


1 
(s:41|01|8;) = (5 (si — sisn))” 
1 
(si41|o3|8;) = 9 (si + S41) (13.11) 


which can be explicitly checked, we obtain 


(siale"©7 9], 
[ 3 1 5 1 
~ (5 (si + si41))° + ea(5(si — Si41))° — €Y 9 (si + $;41)(13.12) 
From the fact that for any 7, s; = +1, we also have the 
following identities. 
1 2n 1 2 
(5 (si + $:41)) om (5(si + s:41)) forn > 1 


1 1 
(5 (si Foe = 3 (si + 8:41) forn > 0 


(5 (6. — 8x1)" = (5( _ si41))" forn >1 (13.13) 


1 1 
(5 (8: + si¢1))"(5 (si = $,5;)) = 0 forn,m>1 


Using the relations in Eq. (13.13), then, we can obtain (for constant 


parameters 6 and A) 
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q 


(ac Ce uP* alam 


1+ SIAC (6: ~ sins)? +85 (51+ seul 


= 1+ i — (=(s; — 5;4;))*" + (5 (6 ery) 
A" 1 00 §2ntl 
= 14 3 Glau + S aig lest sea 


>» onG ER 


fore) §2ntl 1 


= 14 (e815 (51 ~ sin) +E 


5 (om iyi gt Se) 


co 2n 


ay eee ai): 
i 
+(cosh § — 1)(5(si + 8i41))" (13.14) 
Let us now use the algebraic relation 


(5 (5% + si4))? +G (si — six1))’ = 1 nls) 


Then, we can write Eq. (13.14) also as 
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(A(3 (5: — sis1))? +5 5(8% + 8:4) 


e 
1 2 A, 2 
= cosh 6 (5 (si + $i41)) +e (5 (si _ $i41)) 
1 
+ sinh 6 5 (si + $i+1) (13.16) 
We note that this has precisely the same form as the transition ampli- 


tude between two neighboring sites in Eq. (13.12) provided we make 


the identification 


One o 
cosh6 = fot 2 
p 
e = ca 
6 16 
sinhd = < — = -e7 (13.17) 
Equivalently, with the identification 
eo 20a 
Ome 
ee ae (13.18) 


we can write 


Li 1 
7 A(=(s; — 8; iS i Ke 
(sizife €Hy) 5) = Z (5( +1)) (8 + si+1)) (13.19) 
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Consequently, using this identification, we obtain 
4. 


Tre Ay 
= ¥ (eile Malan) (swe Meloy a) 
N 1 2 N 
(AS (5 (si — sit1))° +6 
= >> g t=1 2 i=l 
See) 


N j N 
(A Dy 5 = $i8i41) + 6>> Si) 


1=1 


A XN N 
NA (=a) Sisig OD 8) 
2 dat je 
N N 
NA (BJ >> 8:8i41 — BB > 8;) 
2 e t=1 i=1 


= (iy e-PH 


[Samco 
provided we identify 


A = -26J §=-6B 


With these identifications, then we see that we can write 


1 
1 9 (si -- 5i+1)) 


357 


-€Hy! 5.) 


(13.20) 


(13.21) 
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ue 
Tre? 4a =e 2 Z(B) (13.22) 


where Z(() represents the partition function for the one dimensional 
ising model. Once again, this shows that the quantum fluctuations 
in a quantum theory can be related to the thermal fluctuations of a 


classical statistical system. 


13.2 The Partition Function 


To evaluate the partition function for the one dimensional 
Ising model explicitly, let us rewrite the exponent in Eq. (13.2) in the 


partition function in a way that is easy to use. Note that 
1 
(BJ sisins = BBS(si Ss Si+1)) 
1 1 
eee x 3(-1 sa $:8i+1) =~ x 3 (si + 8i41)] 


i 
Ao 2B Io (i a $i41))? = pBS(s + $i+1)] 


I 


bd [cosh GB (5 (6: + sis1))° 42 I (5 = si+1))? 
Sade 5 (6 ay (13.23) 


where we have used the identities in Eq. (13.13). It is now clear that 
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if we define a matrix operator 
K = e [cosh BB 1+ e~*PJo, — sinh 6B os] (13.24) 


then, the matrix element of this operator between the eigenstates |s;) 


and |s:,1) of the o3 operator will be obtained using Eq. (13.11) to be 


il 
o(Od sisint - BB5(si + 5:41)) 


(si41|K|s;) = (13.25) 

Note that K is a 2 x 2 matrix and has the explicit form 

eS (cosh BB — sinh GB) e-BI 
i J u ; 
eh e (cosh GB + sinh GB) 
BIJ-B)  ._-Bd 
= [: aay a +.B) (13.26) 
e e 


From this analysis, it is clear that we can derive the parti- 


tion function for the one dimensional Ising model explicitly as follows. 


(BJ : $:8i41 — pB-(s; + 5:41)) 
Za) = ye = 2 


g==21 


DX (811K |sy)(sw|K|sw-1) >> (82|K|s1) 


oa 


= TrKN =) 4.7 (13.27) 


II 
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where A; and , are the two eigenvalues of the matrix K in Eq. (13.26). 


The eigenvalues of the matrix K can be easily obtained 


from 


det(K — AI) = 0 


yl 3)) —A eI 
or, det ou B(J +B) _ 


Cr arePJ cosh $B + e2BI _ 7 2BI =a) 


or, 4? — 2re74 coshBB+2sinh2BJ = 0 (13.28) 


This is a quadratic equation whose solutions are easily obtained to be 


eS cosh BB+t (e28J cosh? BB — 2sinh 2BJ)3 


~ 
lI 


eI cosh 8B + (e2PJ (4 + sinh? BB) — e2BJ — e 2BI); 


cP cosh BB + (e294 sinh? BB + e~2PY); (13.29) 


If we identify the two eigenvalues as 
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OM ePY cosh BB+ (e28J sinh? BB + eW 2BJ)3 


X2 


eFJ cosh BB- (e2A J sinh? BB + e 2B I); (13.30) 


then, we note that since \, > 2, for large N, we can approximately 


write 


Z(8) = TrK*% 


lI 


AY + Aq ~ AY 


[eO/ cosh BB + (e2PJ sinh’ BB + e28J)3)" (13.31) 


This method of evaluating the partitioon function is known as the 
matrix method and we recognize K as the transfer matrix for the 


system (see also section 3.3). 


We can now derive various quantities of thermodynamic 


interest. Let us note from Eq. (13.31) that we can write 


InZ(8) = Nin [Od cosh BB + (e794 sinh? BB + e~294)3] 


i 


N [BJ +In{cosh BB + (sinh? 6B + e~484)3}) (13.32) 


Therefore, the average magnetization per site defined in Eq. (12222) 
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can now be derived from Eq. (13.32) to be 
ier jars) 1 


M = Nop NoBO gn) 
_ _1 ain z(6) 
NB OB 
i BcoshZB 
a: N(Bsinh BB + 5 BD 
ie NB cosh BB + (sinh? BB+ e-48J); 
sinh BB 


= Be eee (13.33) 
(sinh? BB + e-4PJ); 

It is interesting to note that when the external magnetic field is 

switched off, the magnetization vanishes. In this one dimensional 

system, therefore, there is no spontaneous magnetization and con- 

sequently, it cannot describe the properties of a magnet. The mag- 


netic susceptibility for such a system can also be easily calculated (see 
Eq. (12.23)) and takes the form 


ay20M | OU 26) 
Neca es Be (13.34) 


This shows that for |2GJ| < 1, the susceptibility obeys Curie’s law. 


Namely, in this case, 
pe i (13.35) 


The absence of spontaneous magnetization in the present 
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System may appear puzzling because naively, we would have expected 
the configurations where all the spims are “up” or “down” to corre- 
spond to minimum energy states. These, being ordered, we would 
have expected spontaneous magnetization for the system. The lack of 
magnetization can actually be understood through the instanton cal- 
culation which we discussed earlier. Let us recall that for the double- 


well potential (see section 7.4 as well as chapter 8) 


t 
V(z) 


—a a en 


the naive ground states would give 


(c) a (13.36) 


The true ground state, as we have seen earlier in Eq. (7.53), is a 


mixture of these two states (the symmetric state) such that 


(Byes = 0 (13.37) 


In this case, we showed explicitly that the tunneling or the presence 
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of instanton states contributes significantly leading to the mixing of 


the states and restoring the symmetry. 


In the one dimensional Ising spin system, we can COrre- 


spondingly think of the following two configurations 


reer Peer 
Leelee 


as denoting the two ground states for which the magnetization is 


nonzero Or 


(M)g #0 (13.38) 


However, in the present case, there are other spin configurations such 


as 


TTTTL LLL] one kink or one instanton 


TTT LLU TTT —two kinks or one instanton-anti-instanton 


and so on which contribute significantly. It is worth recalling that 


in a thermodynamic ensemble, it is the free energy which plays the 
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dominant role. Even though these configurations have higher energy, 
they also are more disordered. Cofsequently, they will have a higher 
entropy and as a result can have a lower free energy. The consequence 
resulting from the contributions of these spin configurations is that 


the true ensemble average of magnetization vanishes. Namely, 

(M)z“* =0 (13.39) 
This qualitative discussion can actually be made more precise through 
the use of the path integrals. 


As we have seen, path integrals are defined by discretizing 
space-time variables. In fact, space-time lattices are often used to 
define a regularized quantum field theory. The continuum theory is, 
of course, obtained in the limit when the lattice Spacing goes to zero. 


Viewed in this way, let us note that 
Ho J » ssi + os 


dl 
= 5 Dlsiss ~ 5) peas NJ 


continuum fas (Os(x))? + ys(z)) + constant (13.40) 


where @ and y are two constants. Namely, we can think of the one 


dimensional Ising model as corresponding to a one dimensional free 
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scalar field theory interacting with a constant external source in the 


continuum limit. 


“13.3 Two Dimensional Ising Model 


Let us next consider a two dimensional array of spins on 
a square lattice interacting through nearest neighbors. Once again, 


let us use periodic boundary conditions along both the axes so that 
$i = Sizjig = Si,+Msin = SinsrtN (13.41) 


where we are using the notation that i = (7),72) denotes a point on 
the two dimensional lattice and we are assuming that N denotes the 


total number of lattice sites along any axis. 


The total number of points on the lattice is then obtained to be 


n= N? (13.42) 


13.3. TWO DIMENSIONAL ISING MODEL 367 


The spins are assumed to take only the values +1. That is, 


s; = Si, = eull : for all 24,12 (13.43) 


The Hamiltonian describing the interaction of the spins is given by 
(see also Eq. (12.17)) 
N 
H=-J Xi sisj=-J DY (Si n8ittin + SiiSiit1) (13.44) 
(ij) t,2=1 

The symbol (77) is introduced as a short hand for sites which are 
nearest neighbors. We can also think of the sum in Eq. (13.44) as 
being taken over all the links of the lattice. (Remember that a link 


connects two nearest neighbors on a lattice.) 


The partition function for the system described by the 
Hamiltonian in Eq. (13.44) can now be defined to be 


(BJ D7 8:83) 
ZV ye = wie 


s;=+1 a=—+1 
(« >) 9:85) 
ese) 


Sse! 


Sw ice 7 ae (13.45) 


sj=+] (17) 


II 


where we have defined 


a Os (13.46) 
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Note that we are discussing the simpler case when the spin system 
is not interacting with an external magnetic field. This partition 
function, as it stands, appears to be only slightly more complicated 
than that for the one dimensional case in Eq. (13.2). However, as we 
will see, this partition function is much more difficult to evaluate in 
closed form. Before going into the actual evaluation of this partition 
function, let us discuss some of the symmetries associated with this 


system. 


13.4 Duality 


Let us note that since 


s;=+1 (13.47) 


we can expand the exponent in the partition function in Eq. (13.45) 


to obtain 


KS;8; . 
eI = coshk + s;s;sinhk 


= coshx(1 + s,s; tanh x) (13.48) 


Therefore, we can also write 


Z(B) Elicia: 


ss=£1 (33) ¢ 
> I] cosh«(1 + s,s; tanh x) 
i= (ij) 
(cosh x)?" eth + s,s; tanh) 
s=41 (13) 


(cosh«)*" >> pee tanh x)! 


si=+1 (ij) [=0 


II 


(coshkx)?" > ieee. (13.49) 


sj=+1 (ij) 1=0 


We see that we can simplify this expression by assigning a number 
i, = 1; = li = (0,1) to each link between the sites 1 and j and 


rewriting 


Z(8) = (coshx)*" Si(tanhx)ht* SY] (s:8;)% (13.50) 


le s=+1 (ij) 


Let us next note that the product on the right hand side in Eq. (13.50) 
can simply be understood as the product of the spins at each lattice 
site with an exponent corresponding to the sum of the link numbers 


for links meeting at that site. Namely, for nearest neighbors, j, 


Mellie = + We = > Te (13.51) 


s;=+1 (27) s=+1 1 sj=t1 7 


where we have defined, for nearest neighbors 7, 
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Z 
The sum over the nearest neighbors can now be done to give 


> Ge) = Gye = kt (a (13.53) 


s;=+1 (ij) OG ipseatl 1 


It is clear that the expression in Eq. (13.53) vanishes when n; is odd. 


For even n;, on the other hand, it has the value 


XS T(s:s;)¥ = 2" (13.54) 


Recall (ij) 
Putting everything back in Eq. (13.50), we obtain 


Z(B) = (2cosh? x)” 2 (ese K)ntht~ = 2(K) (13.55) 


The constraint here is that the /,’s in Eq. (13.55) must satisfy 


j . 


for any four links joining at a site. In other words, if 1,,12,l3; and l, 


denote the link numbers for four links meeting at a common site, then 
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Let us next consider the dual lattice associated with our 
original lattice. It is constricted by placing a lattice site at the center 


of each plaquette of the original lattice. 


Thus, each plaquette of the dual lattice encloses a given site of the 
original lattice and intersects the four links originating from that site. 
Let us also define a dual variable o; at each site of the dual lattice and 
assume that it can take values +1. Denoting by (1, 2,3, 4) the sites 
of the dual lattice which enclose the point k of the original lattice, 
we note that for every link that is intersected by a dual link, we can 


define 


ly 


1 
5 (1 = 0102) 


1 
L = 3 (1 — 9298) 


1 
I; 51 — 0304) 


l, = (1 — 9401) (13.58) 


We see that each of the /,’s have the value 0 or 1 as required. Fur- 


thermore, we also have 
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So wle pole 


h+th+h+h, (4 = o102 — 0203 — 0304 — 0401) 


(4 — (0, + 03)(72 + 04)) 
mod 2 (13.59) 


In other words, the constraint equation in Eq. (13.57) can be naturally 


solved through the dual lattice variables. 


Going back to the expression for the partition function in 


Eq. (13.55), we note using Eq. (13.58) that 


(tanh x)" = (tanh x)?-%2) = e~"'(1 — o102) (13.60) 


where we have defined 


tanhk =e2" (13.61) 


Substituting this back into Eq. (13.55), we obtain 


(—2nk* + K* ¥° o;0;) 
Z(«) = (2cosh? x)" Ye (33) 


Z(n) _ («* a0) 


ee eee 2K" (ij) 
oe (2 cosh? x)" ‘ » . 


: (13.62) 
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This relation in Eq. (13.62) is quite interesting in that the 


relation es 


tanhx =e 72" 


which can also be written as 


sinh 2« sinh 2x* = 1 (13.63) 


defines a transformation between strong and weak couplings (or high 
and low temperatures (see Eq. (13.46))). And we find that the cor- 
responding partition functions are related as well. Consequently, if 
there exists a single phase transition in this model (which was known 
from general arguments due to Peirels), it must occur at a unique 


point where 


iS ees 
or, sinh?2k, = 1 
oresinn 2h. = 1 
or, e2ke _ 9-2Ke 9 
Gr, e2Ke ¥2+1 
Ofna J 0. ; In(V2 + 1) 
or, Be - In(V2 + 1) (13.64) 
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13.5 High and Low Temperature Expansions 


Quite often in statistical mechanics, the partition function 
cannot be evaluated exactly. In such a case, we would like to study 
the system at very high temperatures as well as at very low tempera- 
tures to see if any meaningful conclusion regarding the system can be 
obtained. In the language of field theory, we have seen in Eq. (12.51) 
that the temperature can be related to the Planck’s constant which in 
some sense measures the quantum coupling. Therefore, high and low 
temperature expansions are also known as strong coupling and weak 


coupling expansions (or approximations). 


Let us go back to the partition function for the 2-d Ising 
model. We have 
(« D_ 8:8;) 
Z(s)= >, eae) (13.65) 


ss 
where, as in Kq. (13.46), we have defined 


al 


K= SJ = 


If the temperature is high enough, then « is small. We have seen in 
Eq. (13.55) that we can write 


Z(k) 
—_—__,—_ = tanh «)htt~ 
(2 cosh” kK)" | ) (13.66) 
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where the link numbers are assumed to satisfy 
na 


Li+i44134+1,=0 mod 2 


for any four links meeting at a lattice site. Since « is small for high 
temperatures, so is tanh « and the right hand side can be expanded in 
a power series in tanh «x. To do that, let us note that the link numbers, 
l,’s, can only take values 0 or 1. Accordingly, let us postulate the rule 
that if 1, = 0, then we will not draw a bond connecting the two lattice 
sites whereas if /, = 1, then a bond will connect the sites. With this 
tule then, the constraint on the link numbers simply says that there 
must be an even number of bonds originating from a given lattice site. 
Consequently, we note that the first term on the right hand side of 
the expansion will correspond to the case where there are no bonds 


on the lattice. 


——i| 


The next term in the series will be of the form 


— (tanhk)* 
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In other words, the first nontrivial term in the series will correspond 
to the product of the weight factor tanh « over a single plaquette. The 
plaquette can be drawn in n-different ways on the lattice (recall the | 
periodic boundary condition) and hence this term will come with a 


multiplicity of n. 


The next term in the series will represent the product of 


the weight factor tanh x over a plaquette involving two lattice lengths. 


— (tanhx)® 


un 


It is not hard to see that such a diagram can be drawn in 2n different 
ways and hence this term will come with a multiplicity of 2n. At the 


next order the diagrams that will contribute are 


— (tanhx)® 


a 


—+ (tanhx)® 


DK 
ree 
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— (tanhx)® 


ae 


— (tanhx)® 


BE 


The combinatorics can be worked out in a straightforward manner for 
these graphs so that the high temperature expansionof the partition 


function will have the form 


Z(k) 


1 
———;—— = 1+ n(tanhx)!+ 2n(tanh x)* + —n(n + 9)(tanh x)? 
(2 cosh* x)” 2 


aie (13.67) 


To obtain the low temperature expansion, let us note that 


when T is small, 
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is large. If T = 0, then we will expect all the spins to be frozen along 
one axis, say up. Therefore, the low temperature expansion would 
merely measure the deviation from such an ordered configuration. 
Namely, the low temperature expansion will be a measure of how 
many spins flip as T becomes nonzero but small. Thus, dividing the 
partition function by e?"* (which is the value of the partition function 
when all the spins are pointing along one direction), we have from 
Eq. (13.45) 
Z(r) (x °(-1 + s:8;)) 


Ye Wi (13.68) 


e2nk ha 


To develop the right hand side diagrammatically, let us 
draw across on the lattice to represent a flipped spin. Thus, the first 


term on the right hand side will correspond to a diagram of the form 


== JI 


The next term in the series will correspond to the case where one of 
the spins on the lattice has flipped and will represent a diagram of 


the form 
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In other words, a single flipped spin will interact with a nearest neigh- 
bor with weight e~?* and since there are four nearest neighbors for 
any site, the term would have a weight e~®*. Furthermore, the flipped 
spin can occur at any lattice site and hence this term will come with 


a multiplicity of n. 


The next term in the series will correspond to two flipped 
spins. Interestingly enough, this leads to two possibilities. Namely, 
the flipped spins can be nearest neighbors or they need not be. Dia- 


grammatically, the two possibilities can be represented as 


| 


e712« 


-—16« 
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In other words, in the first configuration, the interaction between the 
two nearest neighbor spins which are flipped does not contribute to 
the partition function. Furthermore, the number of ways a pair of 
flipped spins can occur as nearest neighbors is 2n. The multiplicity 
of the second diagram, obviously, will be 4n(n — 5). However, that is 
not the only kind of diagram which contributes an amount e7)** alm 
fact, there is another class of diagrams, namely, ones where there are 
three or four flipped spins which are nearest neighbors also contribute 


the same amount. 


@oxxx ®@ ——3 eo 


e@ee8e 
ex ee 
ex x ® —+ e7l6« 
eeee 
eeeee 
exxee 

-—16« 
exxee ee 
eeecee 
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Thus, we can consistently derive a low temperature expansion of the 


partition function which hag the form 


Z(x) 


e2nk 


1+ ne~8* 4 ane 128 4 snr + ge lO ++:: (13.69) 
It is clear now that if we denote, for low temperatures, 

kane Berets. 70) 
then, we can write the low temperature expansion also as 


Z(k*) 


* 
e2nk 


Bik” 


=l+ne + 2ne 


ads s(n oF ge 16x" (370) 


Thus, comparing Eqs. (13.67) and (13.71) we see that under the map- 
ping 
tanh = e72" (i372) 


we have 


Geos s = (13.73) 


This is, of course, the duality relation that we have derived earlier 
in Eq. (13.62). In the present case, we see explicitly that the duality 
mapping (transformation) really takes us from the high temperature 


expansion to the low temperature expansion and vice versa. 
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13.6 Quantum Mechanical Model 


Before finding the correspondence of the two dimensional 
Ising model with a quantum mechanical model, let us derive the trans- 
fer matrix for the system. Let us begin by writing the Hamiltonian 
for the system in a way that is better suited for our manipulations. 
Let us label the sites on a given row by 1 <i < N and the rows by 
i Sane 


eos Se oc 
me 28 3 ee 
6.06. 6 6 © 
eoeeven 

— 


Then, we can write the interaction energy between the spins on a row, 


Hon) = ~J¥ (mm) sisa(m) (13.74) 


Similarly, the interaction energy between two adjacent rows, say m 


and (m+ 1), can be written as 
| N 
H(m,m+1) = -—J ¥ s,(m)s;(m + 1) (13.75) 
1=1 


Given this, we can write (see Eq. (13.44)) the total energy of the 
system as 
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H = 3 (H(m) + H(m,m-+1) 


N N 
= -J YY (si(m)sig1(m) + 8;(m)s;i(m+1)) (13.76) 


If we desire, we can also add an external magnetic field at this point. 


However, let us ignore it for simplicity. 


The partition function will involve the exponent 


oH _ (6X (H(m) + H(m,m-+1)) en 


Let us, for simplicity, concentrate only on a single factor of this ex- 


ponent. Namely, let us look at 
e-B(H(m) + H(m,m + 1)) 


BFS (e:teeratm) + :(t0)s4(m + 1))) 


N 
=i eBJs;(m)si(m + 1) BJ s:i(m)s:41(m) (13.78) 
i=1 
Let us next note that on every row there are N sites and 
if we introduce a two component eigenvector of a3 at every site, then 
we can define a 2% dimensional vector space on every row through a 


direct product as 
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|s(m)) = |s1) ®@ |s2) ®---|sw) 
|s1, $2,-°*, 5y) (13573) 


We can define an inner product on such states as 


(s(m + 1)|s(m)) (84) 8997+ Swl81) 825°") SN) 


= 5s, 5ege, °°" Osysy (13.80) 


Similarly, the completeness relation will take the form 


X |s(m))(s(m)| =I (13.81) 


Sell 
where J denotes the 2" x 2% identity matrix. 


With these preliminaries, let us now introduce the follow- 


ing 2" x 2% matrices. (There will be N of each.) 


oi(i) = 1Q1®---@0,8!1---@l 


o3(i) = 1Q@I®---8038 1-:-@l (13.82) 


Namely, all the entries in the above expression correspond to the 
trivial 2 x 2 identity matrix except at the i th entry. Let us also 
record here the product formula for matrices defined through direct 


products, namely, 
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(A@ B)(C @ D) = AC @ BD (13.83) 


4. 


We also note that the o; in the 7 th place acts on the vectors |s;) and, 


therefore, as a 2 x 2 matrix, we can write 


II 


(s!|are971}5;) (s;|a cosh 6 + ag; sinh 6|s;) 


acosh@ asinh@ 
(13.84) 


asinh# acosh@ 


where a is a constant. On the other hand, we note that a term such 


as 


eB Js;(m)s;(m +1) 
can also be written as a 2 x 2 matrix of the form 


(13.85) 


BJ -BJ 
ilies | e 
a wala Soy 2: | 


Therefore, comparing the two relations in Eqs. (13.84) and (13.85), 


we note that we can identify 


U 
(s!Jae871|s,) = FF 8i8i (13.86) 


provided the following relations are true, namely, 
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acosh@ = BJ 
asinhO = e~P4 (13.87) 
Equivalently, we can make the above identification provided 


fannie = eee J 


a 


(2 sinh 28,J)} (13.88) 


Consequently, it is clear that if we define a 2% x 2% matrix as 
ne _ an e01(1) x e01(2) ee eai(N) 


N 
N (8 pS 0, (2)) 


= (2sinh26J)7e 1 (13.89) 
with 
tanh 6 = e~2P4 (13.90) 
then, we can write 
BJI(d si(m)s;(m+1 
(s(m+1)|Ky|s(m)) =e i » (13.91) 
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Let us also note that 


4 


(s(m + 1) [e923 + 1)23(4))) 5(m)) 


(s(m + 1)| cosh6 + 03(i + 1)o3(i) sinh 6|s(m)) 


(s(m + 1)|s(m)) (cosh 6 + s;415; sinh 6) 


(s(m + 1)|s(m)) o(98i+18:) 


(s(m + 1)|s(m)) eP 4 sisi+1 (13.92) 


ll 


provided we make the identification 


@= BJ (13.93) 
Thus, defining 
N 
BI(S. o3(t + 1)03(2)) 
Ky = € 1=1 (13.94) 


we note that we can write 


N N 
6 a o;(z) Pee o3(2 + 1)03(z) 


K = KK, =(2sinh28J)7e =! (13.95) 


which defines the transfer matrix for the system. Namely, 
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(s(m+1)|K|s(m)) = (s(m + 1)|KiK2|s(m)) 


II 
— 
w 
~- 
a 
+ 
— 
= 
5 
we 
-_— 
3 
= 
tas) 
- 
tt 

— 


N N 
BJ » si(m)si(m+1) BJ y $;(m)si+1(™m) 


= e 


= ¢-B(H(m) + H(m,m + 1)) (13.96) 


The partition function can now be written as 


2(8)= Se PH 
CT en ae) ae 
= TrKN (13.97) 


This, therefore, is the starting point for the Onsager solution of the 


two dimensional Ising model. 


In field theory language, we are looking for a quantum 
Hamiltonian whose Euclidean transition amplitude will yield the par- 
tition function. Furthermore, in field theory, even if we are dealing 
with a theory on the lattice, we would prefer the time variable to be 


continuous. Thus, let us identify one of the axes, say the vertical one, 
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to correspond to time and we choose the separation between the rows 


to be €, a very small quanfity. 


ta) 
— 
e°e 
eeee 
@eeee 


The continuum time limit, of course, will be obtained by choosing 
e — 0. Let us note that we are only changing the spacing among 
the rows. The spacing along a row, of course, is unchanged. At first 
sight, this may appear bothersome. But, let us recall that if there is a 
critical point in the theory, then the correlation lengths become quite 
large in this limit and in such a limit the lattice structure becomes 
quite irrelevant. Let us also note here that by making the lattice 
asymmetric, we have actually destroyed the isotropy of the system 
and, consequently, the couplings along different axes can, in principle, 
be different. Thus, allowing for different couplings along the two axes, 


we can write 


N N 
H = YY Y(-J'si(m)si(m + 1) — Jsi(m)si+1(m)) 


(H(m) + H(m,m + 1)) (13.98) 


i 
iM= 
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where 


N 
—J YS si8i41 


til 


H(m) 


N 
H(m,m +1) —J' Dears: (13.99) 
1 


The partition function, in this case, will have the form 


Z(8) = yy e AFH 


_6 & (H(m) + H(m,m +1)) 


ll 
a 
ay 
3 

I 


Nn (BI X sisiz1 + BI' DY 5:85) 
i i (13.100) 


I 
i 
— 


In the quantum field theory language, we can write the 


Euclidean time interval as 


Teee = Ne (13.101) 


and assume that there exists a quantum Hamiltonian H, such that 


we can write 


Z(B) = Trew! Buel. H, = Tre-N eH, 
¥ (s(1)|e~€ 4] 5(V)) -- - (s(2)]e~€ Ha} 0(1)) 


hse) 


SS I (s(m+ 1)\e~€#4|5(m)) (13.102) 


Chee (ii 
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Thus, comparing Eqs. (13.100) and (13.102), we recognize that the 


two can be identified if 7° ‘ 


BY (Isisiz1 + J's;5;) 


(s(m + 1)|e~€44|s(m)) = e (13.103) 


From our discussion of the transfer matrix in Eqs. (13.95) and (13.96), 


we immediately conclude that 


= 
I 


— ¥°(01(i) + Aos(é + 1os(é)) | (13.104) 


t 


where A is a constant parameter and as before, we can identify 


€X 


[oil 
tanhe ~ ex e72PJ’ (13.105) 


This relation is quite interesting in the sense that it brings out a 
relationship between the coupling strength as a function of the lat- 
tice spacing. In particular, we note that as we make the spacing 
between the rows smaller, the corresponding coupling between the 
rows becomes stronger. This is renormalization group behavior of the 


couplings in its crudest form. 
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13.7 Duality in the Quantum System 


We have been able to relate the 2-d Ising model to a one 


dimensional quantum mechanical system with a Hamiltonian 


i= 


e e e--- e original lattice 


e e e-:- e dual lattice 


Let us next consider the dual lattice corresponding to this one di- 


mensional lattice and define the dual operators on the dual lattice as 


pi(i) = o3(1 + 1)os(i) 
ys(i) = TL oi(i) (13.107) 
j=1 
It is easy to see that 
wy(i) = 


(o3(i + 1)o3(i))? =I 


H 
6 
S 
“Ss 

ll 

boy 


H3(i) (13.108) 
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These results can be shown to follow from the basic commutation 


relations of the Pauli matrices, namely, 


[o1(z),01(9)] = 0 = [o3(2), o3(3)] ifif#j 
of(i) = I =o5(i) 


[o1(2), 03(2)] , =—0 (13.109) 


Using these, we can also derive that for 7 # j, 


(u41(7), o1(9)] = [ost + 1)os ), o3(j + 1)o3(7)] = 0 


[u3(z), 43(7)] = (I ai(k o,(1)] = (13.110) 


iv cot 


On the other hand, 


ety ieee), TL ox): 


os(i-+ 1) Tloa(i),ou(i)-00(4) 


= 0 (13311) 


Thus, ;(i) and p3(i) also have the same algebraic prop- 
erties as the Pauli matrices on the original lattice. Furthermore, let 


us note that by definition, 
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ya(i + 1)y3(i) = o1(i +1) (13.112) 


Using these, then, we note that we can write 


N 
—_ H(A) = CAG) + Ao3(2 + 1)o3(z)) 
Se Se 


N 
¥ 2 (s(t + 1)p1s(t) + Api (7) 


N 
—A Yo (Hilt) + A“ ys (i + 1) 443(7)) 


ex) 


| 


NaEEE NS (13.113) 


This is the self duality relation for this system. Namely, it maps 
the strong coupling properties of the system to its weak coupling 
properties. This shows, in particular, that the energy eigenvalues of 


this system must also satisfy the relation 
EO) = MEX >) (13.114) 


For some finite value of \, if there is a phase transition such that 
the correlation lengths become infinite or that some energy eigenvalue 
becomes zero (zero mode), then the above duality relation implies that 
this must happen at \ = 1. This is precisely how we had determined 
the critical temperature for the 2-d Ising model in Eq. (13.64). Let us 


also note here that since we have a quantum mechanical description 
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of the 2-d Ising model, we can also develop a perturbation theory in 


the standard manner. 4 
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